1Scale Relativity, Fractal Space-Time, and Quantum Mechanics�LAURENT NOTTALEAbstract — This paper describes the present state of an attempt at understanding the quantum behaviour ofmicrophysics in terms of a nondifferentiable space-time continuum having fractal (i.e., scale-dependent)properties. The fundamental principle upon which we rely is that of scale relativity, which generalizes to scaletransformations Einstein�s principle of relativity. After having related the fractal and renormalization groupapproaches, we develop a new version of stochastic quantum mechanics, in which the correspondence principleand the Schr�dinger equation are demonstrated by replacing the classical time derivative by a �quantum-covariant� derivative. Then we recall that the principle of scale relativity leads one to generalize the standard�Galilean� laws of scale transformation into a Lorentzian form, in which the Planck length-scale becomesinvariant under dilations, and so plays for scale laws the same role as played by the velocity of light for motionlaws. We conclude by an application of our new framework to the problem of the mass spectrum of elementary1. INTRODUCTION.to now, was suggested ten years ago [1,2]. This proposal was itself based on earlier results [3-6], obtained atquantum mechanics [11,12]. In this approach, it is assumed that any particle is subjected to an underlyingBrownian motion of unknown origin, which is described by two (forward and backward) Wiener processes:when combined together they yield the complex nature of the wave function and they transform Newton�sThis is precisely one of the aims of the present paper to relate the fractal and stochastic approaches: thehypothesis that the space-time is nondifferentiable and fractal implies that there are an infinity of geodesicsprocess of Nelson [9,13].

� Received for publication 14 April 1993.Published in Chaos, Solitons and Fractals 4, 361-388, (Pergamon Press, 1994), special issue on "Quantum Mechanics and Chaotic

2[2] and Nottale [8]. The fractal dimension of the temporal coordinate is also found to become 2 below the deh_/<E> of a particle, i.e. below to = h_/2 = lc/c in rest frame, where lc is the Compton lengthof the particle. (Note that obtaining the same fractal dimension 2 for all four coordinates is expected fromassuming the full trajectory in space-time to be characterized by fractal dimension 2). This means that for timescales < , the trajectory is allowed to run backward in time. Such a possibility was already central inFeynman�s approach to Quantum Electrodynamics (QED): Following the Wheeler-Feynman-St�ckelbergallows one to construct fractal one-particle solutions to the Dirac equation [9], as recognized long ago byThere is also now active work on attempts at developing a relativistic version of stochastic quantummechanics (see e.g. [14,15] and refs. therein). In this approach one introduces a four-dimensional Wiener orHowever, as interesting as these various approaches may be, one may criticize them since they do not relyon a fundamental principle. We have suggested [8,9,16] that such a founding principle is provided to us byEinstein�s postulate of relativity itself, once generalized in order to apply to scale transformations also. Let usThere are two convergent ways suggesting that the principle of relativity still needs to be generalized. Thefirst proceeds from the above remark that the quantum paths are nondifferentiable, while the principle ofrelativity, in its �general� form, requires the equations of physics to be covariant under continuous and at leastwith the principle of equivalence, to Einstein�s field equations. But one may wonder about the general form ofThe second way to a generalized principle of relativity proceeds from an analysis of the role played bydoes not change the physics (measuring with a better resolution only improves the precision of themeasurements results), this is no longer the case in quantum mechanics. The Heisenberg relations imply auniversal dependence of physical results on the resolution of the measurement apparatus. Basing ourselves oninto the of coordinate systems, by defining them as their �state of scale�. In this form Einstein�s far-reaching formulation of the principle of relativity, according to which �the laws of physics must apply to anysystem of coordinates, whatever its state� [17], can incorporate not only the effect of motion transformations(through the quantities which caracterize the state of motion of the reference system, such as velocity andacceleration), but also of scale transformations. The implementation of such a generalized principle consist inrequiring both - (more generally, covariance under displacements and rotations of four-

3scale dependence (more precisely: ) of nondifferentiable physical quantities. The twoIn the present paper, our goal will be mainly to develop the formalism, in particular to build connectionsbetween various mathematical tools which have been put forward in order to deal with scale transformations,namely fractals, scale-covariance, the stochastic approach and the renormalization group; then to apply it tothe mass spectrum of elementary particles. We send to Refs. [8], [9] and [16] the reader interested in a moreapproach to microphysics (Sec.2). Then we address the question of the origin of the universality of fractals innature, attributing their emergence to that of genuine continuous but processes (Sec.3). Weour first development of a theory of scale relativity are recalled. The results recently obtained by this theoryfundamental coupling constants) are briefly reviewed (Sec.5). In Sec.6, the various mathematical tools whichhave been put forward here (fractal dimensions, stochastic quantum mechanics, renormalization groupequations) are combined together to suggest a solution to the problem of the mass spectrum of elementary2. THE FRACTAL APPROACH TO QUANTUM MECHANICS.The discovery that the typical quantum mechanical paths are continuous but nondifferentiable and may beused the word �fractal�, which was coined in 1975 by Mandelbrot [10], his description of quantum mechanicalhim to consider explicitly the geometrical structure of the various virtual paths of a quantum particle, and todemonstrate that they share common properties, in particular that, when seen at a time scale , the meanquadratic velocity of the particle is <> � . Assuming such a trajectory to be a fractal curve of fractal ,so that <> ( . The comparison with Feynman�s result leads = 2 [8, 9]. Among the

4quantum mechanical trajectory, when observed with a space resolution , varies as when x << ldx ll = h_. Here o = <> is the average momentum ofthe particle, so that is its de Broglie length. Two informations are contained in this result. The first derivesL = Lo (lx

)D.transition from fractal to nonfractal behaviour ( = 2 to = 1) about the de Broglie scale, which Abbott and this transition). Such a transition is indeed expected for a fractal curve whose fractal structures are developingonly toward lower scales, while showing an upper cutoff at some scale . In such a case, neglecting theL = Lo [1 + (lx

.The physical meaning and origin of such a law will be enlighted in what follows. One can, in particular,consider as a curvilinear coordinate along the fractal curve. Such a curvilinear coordinate is itself scale l = L ( which will now remain finite. Each of the three coordinates can be described as a �fractal: = ) = + ) .From this equation can be recomputed, and this yields essentially the result of (2.3). The curvilinearcoordinate l is a monotonous function of time, so that the functions of () can be replaced by functions ofAll this reasoning still holds in space-time: the four coordinates become in this case four fractal functionsfinite invariant s = S (, where is the invariant. Note the difference between the classicalinvariant s and the new invariant s: the proper time s is defined along the fractal trajectory which is allowed torun backward in classical time at very small resolutions, while the standard invariant is computed only onand the quantum scale-divergence issued from Heisenberg�s relation. Let us briefly present a new account of = {c t .

5 v2/c2)o/(to t The various above formula are expressed in terms of finite differences df, identified with resolutions whenconcerning space and time variables. We have suggested an equivalent formulation using Non Standardrepresentation, the fundamental equation (2.4) becomes, for = 2, nothing but the basic relation describing aAs we shall indeed see at length in Sec. 4, this description leads to a reformulation of Nelson�s stochasticmechanics, and allows one to reach a new understanding of the origin of the complex nature of the probabilityamplitude of quantum mechanics and of the correspondence principle, and finally to demonstrate themechanical behavior is a mere consequence of precisely these three axioms (complex wave function,correspondence principle, Schr�dinger�s equation), we shall content ourselves to establish these results in thepresent paper, without developing any longer the fractal interpretation of quantum mechanics. Let us only sumtrajectory. This means that we do not need any longer to consider the �particle� as a point endowed with masswhich would follow some trajectory (more precisely: one of its virtual trajectories), but instead that we can2 owns a proper angular momentum ( = finite although 0), while such an internal angularWave-particle duality [19,8,9]: the nondifferentiability of space-time implies the existence of an ofof nondifferentiability and fractality is a hidden parameter theory. Any prediction must be made in aposition measurement will reveal the corpuscle nature of the particle. We think that this approach is able tostructured, non Minkowskian space-time; the fundamental laws of nature holding for individual phenomenawould not be probabilistic: the statistical nature of the theory would be a mere consequence ofWe send the reader interestedin a development of these and other related points to Refs.˚[9,8,2] and to theseveral recent works on the fractal approach to quantum mechanics, in particular by Sornette [20], El Naschie

63. ORIGIN OF FRACTALS : SCALE DEPENDENCE AND RENORMALIZATIONthe reason for their universality [10]. While particular causes may be found for their origin by a detaileddescription of the various systems where they appear (chaotic dynamics, biological systems, etc...) theirOur suggestion, which has been developed in [9], is as follows. Since the time of Newton and Leibniz, thefoundators of the integro-differentiation calculus, one basic hypothesis which is put forward in our descriptionwrite the equations of physics in terms of differential equations. However, there is no a priori principle whichapproximation of differentiability (or integrability) was good enough, i.e. at scales such that the effects ofnondifferentiability were smoothed out; but conversely, we expect its methods to fail when confronted to trulynondifferentiable or nonintegrable phenomena, namely at very small and very large length scales, and, to aThe new frontier is, in our opinion, to construct a but physics. (We stress thefact that giving up differentiability does impose giving up continuity). Set in such terms, the project mayseem to be extraordinarily difficult. Fortunately, there is a fundamental key which will be a great help in thisConsider indeed a continuous but nondifferentiable function f(x) between two points Ao {xo, f(xo)} and AW, )}. Since f is non-differentiable, there exists a point A1 of coordinates {)} with o < 1 < ,such that A is not on the segment A. Then the total length 1 = 1) + 1) > 0 = ). Wecan now iterate the argument and find two coordinates and with o < 1 < and 1 < 11 < , such that = ) + ) + ) + ) > > . By iteration we finally construct successiveapproximations , of ) whose lengths , increase monotonically when the �resolution� W — ) x tends to zero. In other words, continuity and nondifferentiability implies a monotonous scaledependence of f. Actually one may demonstrate that if f is continuous and everywhere nondifferentiable, thenL(e) e fThis result is the key for a description of nondifferentiable processes in terms of differential equations.) = �¥where F(x,y,e) is a smoothing function centered on x, for example a step function of width 2e, or a Gaussianof standard error » e. We think that such a point of view is particularly well adapted to applications in physics:any real measurement is always performed at finite resolution (see Refs. [8,9,16] for additional comments on

7this point). In this framework, ) becomes the limit when e fi 0 of the family of functions ). But while,0) is nondifferentiable, ), which we have called a �fractal function� [9], is now differentiable for allThe problem of the physical description of the process where the function intervenes is now shifted. Instandard differentiable physics, it amounts to find a differential equation implying the derivatives of f, namely, ¶, ... In nondifferentiable physics, ¶x = ¶ does not exist. But the physics of thef(x,eisf(x,e)/¶x f(x,e)/¶e.What is the meaning of the new differential ¶e ? This is nothing but the variation of the quantity funder a scale transformationf(x) and let us apply an �) = + x ) = ) + )m

xm = (1 + D~ ) )D~ is by definition the dilatation operator. The comparison of the two last members of this equation thusD~ = ¶m

¶r = ¶

.This well known form of the dilatation operator shows that the �natural� variable for resolution is , andthat the expected new differential equations will more precisely involve quantities like ¶. Nowthe renormalization group equations, particularly developed in the framework of Wilson�s �multiple-scale-of-length� approach [23]. In its simplest form, a renormalization group-like equation for some essential physicalquantity can be interpreted as stating that the variation of under an infinitesimal scale transformation e)e

= ) .Once again looking for the simplest possible form for such an equation, we expand ) in powers of and)e

= a + b f . ) = ) {1 + ) le

} ,where ) is an integration �constant� and = — These notations allow us to choose ) such that

82(x) = 1. Provided a 0, Eq. (3.6) clearly shows two domains. Assume first b < 0:(i) e << l : in this case z(x) (le

>> 1, and is given by a scale-invariant fractal-like power law with fractaldimension D = 1—, namely ) = .e l z(x) (le

)—bf We stress the fact that (3.6) gives us not only a fractal (scale-invariant) behaviour at small scale, but also atransition from fractal to nonfractal behaviour at scales larger than some transition scale . In other words, arenormalization group-like equation in its simplest (linear) form is able to provides us not only with scale-case ˚=˚0 yields unbroken scale-invariance, = (, where = — is a �scale dimension� [24]. NoteD~f = , i.e. the scale dimension is given by theb blarge scales and is broken to yield scale-independence below the transition . In the present paper, we shallb b > 0 is alsoof fractals in nature. Self-similar, scale-invariant fractals with constant fractal dimension are nothing but thesimplest possible behaviour of nondifferentiable, scale-dependent phenomena. They correspond to the the most promising being to implement the principle of scale relativity thanks to a generalization of scale QUANTUM MECHANICS AS MECHANICS IN NONDIFFERENTIABLE SPACE.Let us assume that space is continuous and nondifferentiable. This can be expressed by describing thex(t,dtdtdt) — ) = ) + ) ( ,where = 1/ (i.e. b = in the quantum and Brownian motion case = 2) and where is an average:) — ) = ) + ) ( .) = ) + ) ( ,

9 ) = ) + ) ( .The nondifferentiability is evident on these expressions, since in the quantum case —1 = —1/2, so that b isan infinite quantity. We recall that, while they would have no meaning in a standard framework, the NonStandard Analysis (NSA) framework [25,26] allows one to work explicitly with infinite and infinitesimalquantities [1,9]. In particular, (4.3) may be recovered in a very simple way thanks to the NSA method: define = + (o)1— and — = (o)1—, then each components of and — are finite numbers of the set *RR+= + + , and = + — , with the components of and — being finite real numbers,As remarked by Nelson [11], while in the differentiable case only the classical part of the velocity remains(i.e., = = 0), and the forward and backward velocities are equal (i.e., ) — )} =) — )} ), there is no reason for this to remain true in the nondifferentiable case. Let usstress this point ( ), since this is the essential feature which will allow classical mechanics to beBecause of the nondifferentiability of space-time, an infinity of geodesics will exist between any couple ofpoints and , each of them having fractal (i.e. scale dependent) properties. Their ensemble will define theprobability amplitude. Now at each intermediate point C, one can consider the family of incoming (backward)and outcoming (forward) geodesics and define average velocities ) and ) on these families. Oncequantities due to the variation of variables. This leads, in standard differentiable physics, to the integro-differential calculus and to the definition of a unique derivative, while in nondifferentiable physics this willthen introduces nondifferentiability as a by-product of this hypothesis, we assume as a fundamental anduniversal principle that space-time itself is no longer Minkowskian nor differentiable. While with Nelson�sBrownian motion hypothesis, nondifferentiability is but an approximation which is expected to break down atthe scale of the underlying collisions, where a new physics should be introduced, our hypothesis ofnondifferentiability is and should hold down to the smallest possible length-scales. As alreadyremarked, the fractal hypothesis is not a hidden parameter theory: even though space-time could remain.d+/d-/:–

) = fi0– )t

10, +

) = ; —

) = - Let us now introduce our main new method. While in every present formulations of Nelson�s stochasticmechanics, one writes two systems of equations for the forward and backward processes (or for combinations in terms of complex quantities. So we combine the forward and backward derivatives of (4.4) in a d = ) ,V = d

) = = —2 —2 . v = 12

- , du

= 12

- ,v/u/while its imaginary part, , is a new quantity arising from the non-differentiability. Let us now jump to astatistical representation. The position vector x(t) is now assimilated to a stochastic process which satisfies the˚ 0) and backward (˚ < ) = + = )] + ) .Wiener process when = 2 (the only case considered in the present section), i.e. that the (t)�s are Gaussiani > = – 2 ij , standing for a diffusion coefficient. Its expression is easily found from the identification with the fractalh_, so that = h_,Equation (4.10) now allows us to get a general expression for the complex time derivative d/. Consider af,t f = f

dt + . x + 12

fj .fi j>

11dx–i dx–jf = ( + – . – ) f .Let us stop one moment on this highly meaningful result. In order to better understand it, let us assume thein (4.11), and, instead of a pure Laplacian operator in the second order term f , one would obtain anexplicitly scale-dependent behaviour D t . In other words, this means that the particular quantumd = ¶ + V . � - . (4.13)mechanics that is considered here can be implemented by a prescription: Replace the standard timederivative d/dt by the new complex operator d/dt. In other words, d/dt will play the role of a kind of �quantum-We assume that any mechanical system can be characterized by a Lagrange function L(x, V, t), from which = �12 .The Lagrange function L and the action S are a priori complex and are obtained respectively from the classicalt d

Li = Li

, classical Euler-Lagrange equations themselves. Other fundamental results of classical mechanics are alsogeneralized in the same way. In particular, assuming homogeneity of space in the mean leads to defining aP¶LV

.If one now considers the action as a functional of the upper limit of integration in (4.14), the variation of theaction from a trajectory to another close-by trajectory, when combined with (4.15), yields a generalization of

12 = S .=12

m is generalized as , , t) = 12

V . Note that its real part becomes 12

, whichis the Lagrangian field proposed by Guerra and Morato [27]. The Euler-Lagrange equations keep the form of = d

,2 = 12

+2 x(it could a priori have been any second order combination of + and ; however see [12]). It is easy to show /. Indeed, let us separate˚ V = u ( ) = U U˚ = +2

— 22 x .PP˚mVV = .This is an interesting result owing to the fact that in several derivations of Nelson�s stochastic mechanics, oneWe have now at our disposal all the mathematical tools needed to derive some of the principal axioms ofComplex probability amplitude., = D , V = - 2 i () .As we shall see in what follows, is solution of the Schr�dinger equation and satisfies to Born�s statistical

13Principle of correspondence.From (4.23) and the relation , we obtain:P y = —2 i m D � y ,with 2D˚= h_, which is nothing but the correspondence principle of quantum mechanics in the case of themomentum operator, but here and written in terms of an rather than a mere_.Schr�dinger�s equation. = 2 D d

( lny ) . = 2 D ¶

� lny - i D D(� lny) - 2i D (� lny .� )(� lny) ] .This expression is simplified thanks to the three following identities, which may be established by D D ; ( f .)( ) = 12

( ; ˚ ff

= lnf lnf.12

D (� lny (� lny .� )(� lny12 y ,d = / = -2 D { i ¶ y } . Dy + i ¶ Um = 0 ,up to an arbitrary phase factor (t) which may be set to zero by a suitable choice of the phase. Replacing byh_/2m, we get Schr�dinger’s equationh_2m

+ i h_ ¶

= y .

14Born�s statistical interpretation..˚ 0, which is recognized as an equation of continuity. Since generalizes the classical velocity, isstraighforwardly interpreted as a probability density. This could have been also obtained directly from theMarkov-Wiener initial process which, as such, satisfies two (forward and backward) Fokker-Planck equations˚ = Dr .Quantum-classical transition.We may now come back, as promised in Sec. 2, on the problem of the quantum-classical transition. Thisquestion has recently known a renewal of interest (see [28] and references therein) and is certainly not trivial.Indeed the existence of macroscopic quantum systems shows that it cannot be reduced to a microscopic togiven by the associated de Broglie wavelength (which defines the transition to geometric optics, and also theresolution of the �microscope� which would use this beam as �illuminating� source), this is no longer the casefor more complicated quantum systems. The solution proposed by Zurek and others [28] consists in remarkingthermallength, = h_/�In order to answer this question, let us write the elementary process (4.3) in terms of the average velocitiesU and V rather than in terms of b+ and b—:) = ) + c ) ( ,) = ) + c ) ( ,where the are dimensionless (<> = 1). This form has the advantage to provide us with an explicith_, (4.34a) reads) = ) { 1 + ) (h_t

} .h_ = h_12

2 ). Ifh_t/m (2.1 and 4.10), Eq. (4.35) reads) = ) { 1 + (h_x } .

15This result confirms that the spatial transition occurs at the de Broglie length = h_. But a similar:) = ) { 1 + (h_x

} . = h_m

,||. For example, in the case of the fundamental stateof the hydrogen atom, we get = 2 , where is the Bohr radius, so that we find = , as expected.For a Gaussian distribution of probability density with dispersion , we get = , and since thevariable x is constrained to values || , we finally obtain . Then, using Heisenberg�s relation, thisbecomes h_, which corresponds to the thermal de Broglie length when expressed in terms ofthe quantum-classical transition: but here the transition is intrinsic to the description rather than due to anRelativistic case.Let us close this section by a very brief account of the manner the previous nonrelativistic theory can bebe recently considered by several authors (see Refs. [14,15,29] and refs. therein). As in the non-relativisticvarious virtual space-time trajectories of particles to be fractal, that one can define a scale-dependent invariantbe described as four fractal functions, i.e. four finite functions of proper time and of resolution, which arenondifferentiable (i.e., = ). We expect, as in the non-relativistic case, the average four- (m)– = –m + –m > = – 2 .d = ¶ + V - , (4.40)where V m is the four-dimensional analogue of the complex velocity . The difficulty of the relativistic case is

16that is a Wiener process in , while the �s correspond to a (+,—,—,—) signature. Dohrn and Guerra [29]have shown that a possible solution to this problem was to introduce two metrics, a Brownian metric and aKlein-Gordon equation from an -stationary Markov diffusion in , while Serva [14] obtains it in anequivalent way, by using a Bernstein process. Concerning the Dirac equation, Gaveau et al. [30] have shownthat it may be obtained from a Poisson process whose real version gives rise to the telegrapher�s equation.Anyway these approaches can easily be reformulated in terms of a complex formalism which generalizes that5. SCALE RELATIVITYIn the previous section, we have shown how one could recover standard quantum mechanics as the simplesttheory that one may construct on the fractal and nondifferentiability hypothesis. We shall now see that theprinciple of scale relativity and the subsequent requirement of scale covariance is able, not only to provide usprinciple of scale relativity. We shall sum up in this section the reasoning and first results obtained in thisa way under scale transformations. Are the standard scale laws (those described by renormalizationgroup equations, or by a fractal or power-law behaviour) scale-covariant ? As seen in Sec.3, they are usuallyjjo (l/r)ddd )o

ln )o

+ ,) = , = ) .The choice of a logarithmic form for the writing of the scale transformation and the definition of theD~ = /¶ (Eq. 3.3).The character of is evident: in the same way as only velocity differences have a physical meaning(Galilean relativity of motion), only V have a physical meaning (relativity of scales). We have then

17transformation amounts to finding four quantities, ), ), ), and ), where = (), such )o

= ) )o

+ ) ,) = ) )o

+ ) .renormalization group (5.1), given by ˚ 1, , C = 0 and = 1, corresponds to the Galileo group. This" = + ’ .However the general solution to the �special relativity problem� (namely, find , , and from thedilatation, rr by a new Lorentzian relation. However, while the relativistic symmetry is universal in thecase of the laws of motion, this is not true for the laws of scale. Indeed, physical laws are no longer dependenton resolution for scales larger than the classical/quantum transition (identified with the fractal/nonfractaltransition in our approach) that has been analysed above. This implies that the dilatation law must remain = = c , and we set = = h_. In its rest frame, is thus the Compton length of the system orparticle considered, i.e. in the first place the Compton length of the electron (this will be better justified inSec.˚6). Our new law of dilatation reads, for < and < o o ˚)) .L(10) x m), = (h_ .But, as one can see from (5.5), if one starts from the scale r = and apply any dilatation or contraction r, onegets back the scale = , whatever the initial value of (i.e., whatever the state of motion, since isLorentz-covariant under transformations). In other words, is now interpreted as a limiting lowerlength-scale, impassable, invariant under dilatations and contractions. A field previously scale-dependent as

18(/o(o/rro (j/joor

�l o l n 2 ( l o /L )

.l o /r)d(r). The main new featuredand the fractal dimension D = 1 + d, which were previously constant (D = 2, d = 1), are now explicitly varying d(r1�l o l n 2 ( l o /L )

.h_/mecD(r 14

22 + ...) ,where = l o /r) and Co = l n ( l o /L ), then tends to infinity at very small scales when fi , i.e. r fi . = (Pe

) = 51.52797Let us now consider the result which has the most direct consequences concerning the predictive power ofthe new theory. It is clear that the new status of the Planck length-scale as a lowest unpassable scale must beuniversal. In particular, it must apply also to the de Broglie and Compton scales themselves, while in theirstandard definition they may reach the zero length. The de Broglie and Heisenberg relations then need to begeneralized. We have presented in Ref. [16] the construction of a �scale-relativistic mechanics� which allowssuch a generalization. But there is a very simple way to recover the result that was obtained. We have shownabove and in [8] that the generalization to any fractal dimension D = 1 + of the de Broglie and Heisenbergrelations wrote = (, where is the average momentum of the particle, and = (. Scalecovariance suggests that these results are conserved, but with now depending on scale as given by (5.8),l n m m o

= l n ˚ ( l o / l ) �1 ˚ - ˚ l n 2 ( l o / l ) l n 2 ( l o / L )

, ( 5 . 1 1 ) i.e., ) , with ) = 1.

19 Concerning coupling constants, the fact that the lowest order terms of their -function are quadratic [i.e.,their renormalization group equation reads = + O()] implies that their variation with scale is ) = /�‘2 , [where )]: it is 10 times smaller than length-scale. In other words, this is but the GUTUnification of ChromoElectroWeak and Gravitational fields: As a consequence, the fundamentalandwhich now corresponds to the Planck mass scale. The GUT energy now being of the order of the Planck oneGeV), the predicted lifetime of the proton (� m4 >> 1038 yrs) becomes compatible withexperimental results (>˚5.5 10 yrs) [9].Fine structure constant: The problem of the divergence of charges (coupling constants) and self-energy issolved. They have finite non-zero values at infinite energy in the new framework, while in the standard modelthey were either infinite (abelian U(1) group) either null (asymptotic freedom of nonabelian groups). Such abehaviour of the standard theory prevented one from relating the �bare� (infinite energy) values of charges totheir low energy values, while this is now possible in the scale-relativistic standard model: we have found thata- = 38

a- + 58 a- = 38 a- (where a-1 and a- are respectively the U(1) and SU(2)inverse couplings), when �runned� from the electron scale down to the Planck length-scale by using itsrenormalization group equation, converges towards the value 4 (3.1411 – 0.0019)2 4p at infinite energyNote that a value = 1/4p is indeed the only possible value smaller than 1 expected from dimensionalarguments for the bare coupling. Indeed, = h_ c has dimensional equation ML3T; the �natural� possibleh_ or , and the de Broglieh_/2 or 2. Combining all these possibilities yields = 1/4p2, 1, 2p or 8p. The valueestimate of the low energy fine structure constant to better than 1� of its measured value [13], and to predictthat the number of Higgs doublets, which contributes to 2.11 in the final value of a-, is ˚=˚1. Indeed,a- () = a- () + a-Z + a-Z + a-ZeL + a-Zeh + a-

20where a- () = a- (=) = 32p/3; a-Zlength-scale (i.e., infinite energy in the new framework) and the Z boson length-scale, as given by the solution a-Z = H ln lZL = H = 23.01 + 2.11 ( — 1) ; a-Z is its second order variation, which now depends on the three fundamental couplings , and 3a-Z = —˚H)

{1 — H

ZL} +˚HNH)

{1 + NH

) ZL}20 {1 + 7

ZL} = 0.73 – 0.03 ; a-ZeLa-ZeL = 2

Ze) + (Zm

) + (Zt

) — 52

} = 4.30 – 0.05 ;a-Zeh(e+e—(e+e—+—a-Zeh = 3.94 – 0.12 ;and a-Sc-rel = — 0.18 – 0.01 is the scale-relativistic correction which comes from the fact that the length-scalesand mass-scales of elementary particles are no longer directly inverse in the new framework. Combining all a- () = 137.08 + 2.11 ( — 1) – 0.13 ,QCD coupling: The SU(3) inverse coupling may be shown to cross the gravitational inverse coupling at alsoa-32P/a theoretical estimate for the value of the QCD coupling at scale. Indeed its renormalization group equationa-3: a-) = a- ) + 7

Zr +˚11)

Zr}27NH)

) Zr} +˚13

{1 + 7

Zr} . a3(mZ

21) = 0.112 – 0.003.*number, i.e., by the bare inverse coupling 4p [9,13]. Namely, the relation ) = a-() = 4p yields amass = 87.393 GeV, closely connected to the and boson masses (currently = 91.182 GeV, =80.0 GeV, so that (P/Z) = a-() {1 + )} ). Moreover, we predict a new fundamental scale givenby the relation = a-() = 4p, which corresponds to a mass scale = 123.23 GeV. Candidates forlie precisely about 120 GeV, the Higgs boson, and half the vacuum expectation value of the Higgs field6. THEORETICAL PREDICTION OF THE MASS SPECTRUM OF ELEMENTARYWe shall now proceed further and combine together the two mathematical tools which have been developedabove, namely the fractal-stochastic approach and the scale-relativistic approach. Being interested here only inthe mass spectrum of elementary fermions, we shall adopt a perturbative approach (i.e., V2/C2 << 1). We let toelementary fermions vary from the electron mass [e = (P/e) = 51.52797], which fixes the scale belowwhich scale relativity starts (this will be demonstrated in what follows), to the top quark, whose various massestimates are of the order of 120 GeV as recalled above. This corresponds to a ratio 0.23 and to a ), with = + ,h_, by = 2 D� ,where D = D(r), as given by (5.8).Let us stop on this expression. We are touching here one of the essential point of our whole approach.Having in (6.2) a fractal dimension 2 means that this process is no longer a Markov one, and that is nolonger a diffusion coefficient in the usual sense. A fractal dimension < 2 would correspond to a correlated,persistent process, while > 2 corresponds to an antipersistent, process [33]. But such a

22behavior, for which there are correlations between the past and the future, is certainly not acceptable for thedescription of an process of nature, for which we expect complete reversibility (see an account ofFeynman�s analysis of this point in Ref. [7]). Several reasons lead us to expect that, in the end, the effective(i) The first, most fundamental reason, is the requirement of microscopic reversibility [3,7] and of causality.elementary process of nature: D = 1 (i.e., scale dimension = 0, meaning classical, scale-independentbehaviour) and = 2 (the corresponding stochastic description is then a Markov-Wiener process of mutuallyindependent events; the scale dimension is = 1, corresponding to a scale dependence of physical quantities).to the highest energies presently reached by particle accelerators ( 100 GeV). A theory based on a �fractionalBrownian motion� process such as given in (6.2) would be expected to be different from quantum mechanics.Dscale-dependence to be �hidden� in the operator formalism. (However this argument should be taken withcaution, since the difference with a pure = 2 Markov process can manifest itself through an explicit scale-dependence of physical quantities, while such a scale dependence is actually observed in relativistic QED: we(iii) The third argument is a particular, more specific, case of the second. We have demonstrated in previousworks [8,9] that the quantum spin originates precisely from the fractal dimension 2 of quantum trajectories,We shall now see that the very existence of charged elementary particles forbids the fractal dimension toexceed 2, at least up to the weak bosons scale. Indeed, among the variables appearing in (6.2), the fractaldimension is not the only one which becomes scale-varying below the Compton length of the electron: this is = h_m

ds (dso

,where = h_, and where we have reintroduced the Markovian diffusion coefficient D = h_. We shallConsider the last term in (6.3). We can identify with , and then use the fact that we are in aso

= 2)

(ro)} 1 + (1 — 2)

) V Consider now the diffusion coefficient. While it was independent of scale in nonrelativistic quantummechanics, this is no longer the case for r < e = h_. Indeed the important point here is that depends onself-energy of the electron is known to vary logarithmically with scale below its Compton scale (see e.g.

23The variation with scale of the self-energy in QED is obtained by writing that the mass depends on thecoupling �constant� , (itself varying with scale), and on the scale , i.e., m = ]. The resulting a˚

= ) ,V = V + ) a

= ) .Perturbative calculations yield ) = and ) = to lowest order, with = 9/4, and (6.5) ismo

(ao .Disregarding for the moment the numerical constants coming from threshold effects, the variation of masse() = e [ 1 + e ln(ler

) ] .approach and the stochastic one, we can write the expression for the fluctuation as the product of a Markovianh_ = h_e ds e)

2)(re)} .Replacing )= 1+) by its expression (5.8) and expanding it in terms of , with V = (), we can = h_e ds x [1 + V )] ,V ) = ( 14

22 — e

) V .This relation means that the effect of radiative corrections amounts to defining an fractal dimensionAssume indeed that the laws of scale become effectively Lorentzian below some universal scale , that(/then begins to increase as = 2(1+) when = ) increases. The only way to ensure that the

24effective dimension remains smaller than 2 is that masses become themselves scale-dependent below the scaleo. This is achieved provided there exists a particle of mass precisely given by o= h_. Indeed theafrom Eq. (6.6), and then to decrease the fractal dimension. This process finally defines an effective fractalDeff14

22 — e

) .electron scale (the electron is simply defined as the elementary particle of smallest possible mass innature, so that le = lo). Although it does not determine the electron mass and charge themselves, we shall nowsee that it allows us to recover the general features of the whole mass and charge spectrum in terms of theeeConsider indeed Eq. (6.11). The solution brought to us by the existence of the electron is not definitive, sinceV3only linear in . If no charged particle other than the electron was to exist in nature, the effective dimension = 1L

= �6p

.So we expect that at least one new charged particle be created at about the scale given by (6.12). Numerically,we find V1 = 6.08, which corresponds to an energy of 230 MeV.large a gap between the electron (.511 MeV, = 0) and the second lightest charged particle, the muon(105.65˚MeV, = 5.3). Moreover, several particles have masses close to the muon, such as the (137 MeV, 5.5), the strange quark s (240 MeV, = 6.1), and the u and d quarks in the proton (effective mass 313MeV, = 6.4: note that the absolute masses of u and d quarks are much smaller, = 8.2–1.5 MeV, =(6.12) does not take into account the threshhold effects and the higher order corrections in the electron self-eslightly different scale l0. We set D = ln (le/l0). The mass variation is now given, for V > D, by() = e [ 1 + e

( — ) ] .

25A = �6p

.3 — ( — ) = 0 .physical meaning: the transitional behaviour of ) between V = 0 and V = D should be described by a newh_DD = ( 1 + 22

) . + + — = 0 . = ( — 34

— 12

0 . to be given by the scale /2 = h_. The passage to position representation amounts to a . . [9]. Thetotal threshold then amounts to D = 2 + g 1.270. Inserting this number in (6.16) and (6.18) yields, with A = = 5.311˚ .The observed mass ratio of the muon and electron, = 206.76826 [32] corresponds to ) =5.332, then to = ) = 5.303 when accounting for the scale-relativistic correction (5.11). Ourprediction (6.19) is to 10—3 of this value and corresponds to mm/me = 208.5. If one uses two-loop formulas, onefinds an even better result [40], = 5.3036, or in terms of mass ratio /e = 206.84 – 0.38, where the error.Anyway, even considering that the �naive� choice 2 for the threshold is not fully justified, it remainsremarkable that the full range of possible values for the zero point of the asymptotic behaviour, namely le to/4, yields a range for corresponding to [ , 2by (6.12) reached, the generation of new particles having a mass given by that scale and a total charge 1 will

26allow to remain smaller than 2. (Note that the minimal value of is given by 2˚/ 1.993, whichmasses i and charges i e (where e is the electron charge, so that the i are dimensionless) is given, in termsof = ), by [37] = — 2

�nfor > . Then, from (6.6), the inverse mass varies to lowest order asem

= 1 — e

(R V — ) .The sum of squares of charges of elementary fermions is related to the well-known ratio intervening in the = �n .At the electron scale V0 = 0, R = 1. At the new �muon� scale V1 given by (6.12), there will be a minimal valuefor the possible ratios 1 which will allow the mass term to compensate again the fractal dimension term. It issimply given by the slope of the scale-relativistic 3 increase at scale . Let us normalize the variables by = /. — R X + More generally, knowing that the scale i is a first root of (6.24) for the next scale , we find that both + i i+1 + = i , = ( — 34

— 12

.R1 > 3 X2 at X2 1 > 3 .In the present paper, we shall not attempt to detail the quark contributions in terms of their fractional charges.

27R1variation of the fine structure constant through masses whose estimates vary from 0.1 GeV (i.e. themuon mass scale) [37] to their effective mass in the proton (0.3 GeV, V 6.3) [38], while the s quark mass is0.2 GeV ( 6.0) [37]. This yields an observed R ratio at about the scale 1 = 6.08 of 1 + 4/3 + 1/3+ 1/3(s) = 3 as predicted.X — 4 X + 3 = 0 ,whose solution is = (�13—1)/2 1.3028, corresponding to = 7.92, i.e. to a mass scale 1.52 GeV. Thisis another very favourable result, since the observed spectrum actually shows a new hole after the s quark, andthen a new clustering including the c quark (1.27 GeV, = 7.73) and the lepton, (1.78 GeV, = 8.05).Actually if one pushes further this rough model, one finds that the new charge constraint at X2 is R2 > 3X22= 5.09, implying a minimal solution = 6, i.e. ( = 2, in good agreement with the observedX3 X �13 = 0. The solution is = 1.5227(3and quarks). This value, once again, compares well with the b˚quark mass (4.25 GeV, = 8.9). But it~>larger.However, such a disagreement between experiment and our rough above model is not unexpected. Inparticular, we have treated quark masses as unvarying with scale, while QCD effects imply a strong inversevariation with energy scale, given by o = (as/aso)4/7 to lowest order [35,36]. If one improves the model andincludes fractional quark charges and scale varying quark masses, one finds [40] the last = 2/3 particle (i.e.the top quark) to be pushed beyond the W and Z masses, at about V = 12, i.e. 120 GeV.seems to be rather insensitive on the choice of the parameters chosen for the description of the quark massLet us conclude this section by remarking that, taken at face value, the mechanism of mass generationpresented here would imply a never ending successive emergence of new mass scales for increasing energies.effects (based on an abelian U(1) group) and scale-relativistic effects, while beyond the electroweak symmetryx

287. CONCLUSIONLet us conclude by a summary of the content of this paper, followed by some prospect concerning someremaining open problems. The basic postulate upon which we rely is that of the continuity andnondifferentiability of space-time. The first consequence of this postulate is the dependence on scale of thethese quantities depend explicitly on the resolution with which measurements are performed. We have thensuggested to interpret resolution as a state of scale of reference systems and, basing ourselves on the relativecharacter of all scales in nature, to generalize Einstein�s formulation of the principle of relativity by includingscale covariance of the equations of physics. Steps towards such a goal have been made by using threecomplementary mathematical tools, namely, (i) the geometrical concept of a fractal space-time continuum; (ii)the Markov-Wiener process. The passage from one tool to the other is performed by using the concepts ofStandard Analysis (which allows us to transform resolutions into differentials and to account properly forscale dependence and infinite multiplication of equiprobable geodesical lines; even though one can considerapproach, only a fractal dimension 2 of trajectories is acceptable in order to preserve microscopic reversibility;character of the formalism of quantum mechanics (the become doublets while the areunchanged); we then obtain a new formulation of Nelson�s stochastic quantum mechanics, in which we are ledto a demonstration of the correspondence principle, of Schr�dinger�s equation and of Born�s statisticalinterpretation by simply replacing the time derivative of classical differentiable mechanics by a new complex�quantum covariant derivative�. Then the full strength of the principle of scale relativity is used to show thatpresent quantum mechanics is a �Galilean� approximation of a more general theory in which the laws of scaletransformations take a Lorentzian form: in the new proposed �scale-relativistic� laws, there appears anunpassable lower length-time scale, invariant under dilations and contractions, which plays for scales the samerole as played by the velocity of light in motion laws. We have suggested to identify this scale with the PlanckLorentzian scale relativity) and suggest a solution to the problem of the origin of the mass spectrum ofstochastic quantum mechanics, some work is still needed for a proper inclusion of spin (one can hope to see itvirtual trajectories), then for a thorough understanding of the Dirac equation (in particular in a stochastic

29next step is now to include fields into the description: we shall suggest in a forthcoming paper a possiblein heavy-ion collisions, for which we had already suggested a fractal model [8,9], and shall apply it to new1. L. Nottale and J. Schneider. Fractals and Non Standard Analysis, J. Math. Phys. , 1296-1300 (1984).2. G.N. Ord. Fractal space-time: a geometric analogue of relativistic quantum mechanics, J. Phys. A: Math.. , 1869-1884 (1983).4. L.F. Abbott and M.B. Wise. Dimension of a quantum mechanical path, Am. J. Phys. , 37-39 (1981).5. E. Campesino-Romeo, J.C. D�Olivo, and M. Socolovsky. Hausdorff dimension for the quantum harmonicoscillator, Phys. Lett , 321-324 (1982).6. A.D. Allen. Fractals and quantum mechanics, Speculations Sci. Tech. 6, 165-170 (1983).7. S.S. Schweber. Feynman and the visualization of space-time processes, Rev. Mod. Phys. , 449-5088. L. Nottale. Fractals and the quantum theory of space-time, Int. J. Mod. Phys. , 5047-5117 (1989).9. L. Nottale. Fractal Space-Time and Microphysics: Towards a Theory of Scale Relativity. World Scientific10. B. Mandelbrot. Les Objets Fractals. Flammarion, Paris (1975); B. Mandelbrot. The Fractal Geometry ofNature. Freeman, San Francisco (1982).11. E. Nelson. Derivation of the Schr�dinger Equation from Newtonian Mechanics, Phys. Rev. , 1079-1085 (1966).12. E. Nelson. Quantum Fluctuations. Princeton Univ. Press (1985).Physique th�orique, , 415-432 (1988).15. T. Zastawniak. A Relativistic Version of Nelson�s Stochastic Mechanics, Europhys. Lett. , 13-1716. L. Nottale. The theory of scale relativity, Int. J. Mod. Phys. , 4899-4936 (1992).17. A. Einstein. The foundation of the general theory of relativity, Annalen der Physik 49, 769 (1916). English18. A. Einstein, in Albert Einstein, Oeuvres choisies, vol. I, p. 249, Seuil-CNRS, Paris (1990).19. L. Nottale. The fractal structure of the quantum space-time, in Applying Fractals in Astronomy, eds. A.Heck and J.M. Perdang (Lecture Notes in Physics, Springer-Verlag, 1991), pp. 181-200.20. D. Sornette. Brownian representation of fractal quantum paths, Euro. J. Phys. , 334-337 (1990).,, 91-94 (1992); Multidimensional Cantor sets in classical and quantum mechanics, Chaos, Solitons and Solitons and Fractals, 2, 437-439 (1992); On certain infinite dimensional Cantor Sets and the Schr�dinger, 222. K.W. H�fer. Differential geometry on fractal space-time, Preprint University of Freiburg THEP 91/623. K.G. Wilson. The renormalization group and critical phenomena, Rev. Mod. Phys. , 583-600 (1983).25. K.D. Stroyan & W.A.J. Luxemburg. Introduction to the Theory of Infinitesimals. Academic Press, NewYork (1976).26. E. Nelson. Bull. Amer. Math. Soc. , 1165 (1977).27. F. Guerra & L. Morato. Quantization of dynamical systems and stochastic control theory, Phys. Rev. ,1774-1786 (1983).28. W.G. Unruh & W.H. Zurek. Reduction of a wave packet in quantum Brownian motion, Phys. Rev. ,

301071-1094 (1989).29. D. Dohrn and F. Guerra. Compatibility between the Brownian metric and the kinetic metric in Nelsonstochastic quantization, Phys. Rev. , 2521-2524 (1985).30. B. Gaveau, T. Jacobson, M. Kac & L.S. Schulman. Relativistic extension of the analogy between quantummechanics and Brownian motion, Phys. Rev. Lett. , 419-422 (1984).31. J.M. Levy-Leblond. On more derivation of the Lorentz transformation, Am. J. Phys. , 271-277 (1976).32. E.R. Cohen & B.N. Taylor. The 1986 adjustment of the fundamental physical constants, Rev. Mod. Phys., 1121-1148 (1987).34. C. Itzykson, & J.B. Zuber. Quantum Field Theory. McGraw-Hill (1980).35. A.J. Buras, J. Ellis, M.K. Gaillard, D.V. Nanopoulos. Aspects of the grand unification of strong, weakand electromagnetic interactions, Nucl. Phys. 135, 66-92 (1978); D.V. Nanopoulos & D.A. Ross, Limiton the number of flavours in grand unified theories from higher order corrections to fermion masses, . , 273-284 (1979).36. J. Gasser & H. Leutwyler. Quark masses, Physics Reports (Review Section of Phys. Lett.) , 77-16937. W.J. Marciano & A. Sirlin. Precise SU(5) predictions, Phys. Rev. Lett. , 163-166 (1981).38. H. Burkhardt, F. Legerlehner, G. Penso, C. Vergegnassi. Uncertainties in the hadronic contribution to theC 4339. P. Langacker, M. Luo, & A.K. Mann. High precision electroweak experiments: A global search for newphysics beyond the Standard Model, Rev. Mod. Phys. 64, 87-192 (1992).40. L. Nottale, in preparation.