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ABSTRACT: In recent years, the shape of the photon ring in black holes images has been
argued to provide a sharp test of the Kerr hypothesis for future black hole imaging missions.
In this work, we confront this proposal to beyond Kerr geometries and investigate the
degeneracy in the estimations of the black hole parameters using the circlipse shape proposed
by Gralla and Lupsasca. To that end, we consider a model-independent parametrization of
the deviations to the Kerr black hole geometry, dubbed Kerr off shell (KOS), which preserves
the fundamental symmetry structure of Kerr known as the Killing tower. Besides exhibiting a
Killing tensor and thus a Carter-like constant, all the representants of this family also possess
a Killing-Yano tensor and are of Petrov type D. The allowed deviations to Kerr, selected by
the symmetry, are encoded in two free functions which depend respectively on the radial and
polar angle coordinates. Using the symmetries, we provide an analytic study of the radial
and polar motion of photon trajectories generating the critical curve, to which the subrings
composing the photon ring converge. This allows us to derive a ready-to-use closed formula
for the parametric critical curve in term of the free functions parametrizing the deviations to
Kerr. Using this result, we confront the circlipse fitting function to four examples of Kerr-like
objects and we show that it admits a high degree of degeneracy. At a given inclination, the
same circlipse can fit both a Kerr black hole of a given mass and spin (M, a) or a modified
rotating black hole with different mass and spin parameters (M, a) and a new parameter
a. Therefore, future tests of the Kerr hypothesis could be achieved only provided one can
measure independently the mass and spin of the black hole to break this degeneracy.
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The first interferometric observations of the supermassive black hole at the center of the
MS8T galaxy by the Event Horizon Telescope (EHT) in 2019 [1-3], followed by the first image of
the Sagittarius A* black hole at the center of our galaxy in 2022 [4, 5], has opened a new era for
horizon scale electromagnetic astronomy and a new window to test the strong field regime of
gravity. These observations have revealed the existence of an unresolved and asymmetric bright
ring, as expected from the theoretical predictions and simulations. Since then, important
efforts have been devoted to clarify how these interferometric signatures of ultra-compact
objects could be used to test General Relativity (GR) and its different extensions! [32-44].

The gravitational lensing induced by a Kerr black hole? on photons emitted from a
generic source possesses universal properties predicted by GR. In particular, photons can be
momentarily captured and loop arbitrary many times around the black hole before escaping
to infinity. These photons generically produce on the screen detector an infinite sequence of
photon subrings corresponding to the arbitrary number of loops made around the hole [47].
These subrings converge towards a curve called the critical curve which stands as a key
prediction of GR first derived in [48]. In this work, the photon ring will refer to the limit
of the photon subrings and therefore be confounded with the critical curve.® It depends
on the black hole mass M, spin a and the observer inclination yo (w.r.t the black hole
rotation axis). This critical curve, being the limit of the sequence of photon subrings, is

Tmportant efforts have focused on investigating the shape of the photon ring of exotic compact objects,
among which hairy black holes [6-20], wormholes [21-24], boson stars [25, 26|, parity-violating black holes [27],
regular black holes [28] and quantum corrected black holes [29]. To a large extent, these study use numerical
ray-tracing methods to determine the shadow of the ultra-compact object. Theory-agnostic results relating
the size of black hole hair to the size of the photon ring have been presented in [30, 31].

2See [45, 46] for the study of the lensing induced by a Kerr-Newman black hole.

3In the recent literature, the term “photon ring” is rather used for the set of all photon subrings [49, 50].



not an observable. Nevertheless, as the sequence converges quickly, the critical curve is
the fundamental theoretical object upon which an observable can be built (see ref. [50] for
a discussion and limitations). In particular, it is expected to be contained in the so far
unresolved bright ring observed by the EHT. This challenges the possibility to directly test
the shape of the photon ring, and thus the GR prediction, with current data. Observation of
the primary photon ring and subsequent subrings will require a space-based interferometric
mission [50, 51].

In the last five years, important efforts have been done to i) characterize universal
observables free from astrophysical bias allowing for a sharp test of GR [49, 52-58], and
ii) to clarify the feasibility of a future space-based mission aiming at measuring these
observables [50, 59-62]. In a series of works, it was shown how the intensity profile of the
photon (sub)ring image (the amplitude and phase of the signal) depends on its geometrical
shape (the diameter and width of the ring) [54, 55]. This relation allows one to reconstruct
the shape of the photon ring starting from possibly partial information, for instance if one has
only access to the amplitude of the signal. Prospects for the measurement of this universal
signatures using a space-based interferometric mission was further explored with encouraging
results, motivating the recent Black Hole Explorer (BHEX) proposal [51, 63]. With these
exciting recent developments allowing to test GR and its extensions using photon ring science
in the near future, it becomes crucial to provide tractable ready-to-use parametrization of
beyond Kerr geometries. The key goal is to provide a sufficiently general parametrization
encompassing a large set of possible and physically reasonable deviations, while at the same
time allowing one to analytically derive the photon ring observables mentioned above, i.e.
the critical curve and its intensity profile.

To that end, it is crucial that such new parametrization preserves the explicit and hidden
symmetries of the Kerr geometry which are responsible for the integrability of the geodesic
motion, and thus to obtain close analytical expression for the critical curve. A first initial
agnostic parametrization allowing for a Carter-like constant was presented by Johanssen and
Psaltis (JP) in [64, 65], followed by a series of works generalizing the JP proposal [66-72].
So far all these new proposals have focused on including deformation to the radial potential
experienced by test particles while still preserving the existence of a non-trivial rank-2 Killing
tensor which generates a Carter-like constant. However, this is not the most fundamental
hidden symmetry of the Kerr black hole. Indeed, the Carter charge and the associated
Killing tensor of the Kerr geometry, respectively identified by Carter in [73] and Walker and
Penrose in [74], actually descend from a hierarchy of Killing objects known as the Killing
tower. This structure was first identified in the context of higher dimensional rotating black
holes in [75-77]. Concretely, the Killing tower is built from the existence of a non-degenerate
conformal Killing-Yano rank-2 tensor from which all other Killing objects can be canonically
derived. Interestingly, the family of geometries which admits such Killing tower (and not only
the existence of its Killing tensor) has been fully characterized and is dubbed the Kerr off shell
(KOS) family (see [78] for a review). The associated metric is given by (1.1) below. The goal
of this work is to use this new KOS family of geometries as a new agnostic parametrization
for Kerr-like objects and show the new interesting features it allows. There are two main
outcomes coming from this new parametrization.



First, the KOS family is parametrized by two free functions denoted hereafter
(Ar(r),Ay(y)) where y o< cosf refers to the polar angle. These free functions modify
respectively the radial and polar potentials (2.10b) experienced by test particles. Comparing
to the previous parametrization [67-71], the free function A,(r) encompassed a large set
of radial deformations treated so far and coincides with the deformation introduced in [71]
(denoted As(r) there). However, to our knowledge, the polar deformation encoded in Ay (y)
is new. Therefore, the KOS parametrization allows for a new deformation of the Kerr
geometry while still preserving its most fundamental hidden symmetries. As we shall see, the
new polar deformation allows to parametrize new subtle modifications affecting the critical
angles 0L characterizing the polar motion of the test particles which plays a non-trivial
role when computing the image of source lensed by a Kerr-like object. Notice that general
polar deformations to Kerr have already been considered in [79], but the parametrization
introduced in that work does not preserve the rank-2 Killing tensor.

Second, since the KOS family is defined by the Killing tower structure, the geodesic
motion is integrable and one can derive a generalized Carter constant given by (2.6). Quite
remarkably, the form of the KOS metric and the simple expression for its Killing objects
allows one to obtain the closed formula (2.47) describing the parametric shape of the critical
curve in terms of the free functions (A,(r),Ay(y)). This close formula is the main result
of this work. It provides a ready-to-use parametric expression for the critical curve which
allows us to test any given deformations encompassed in the KOS family.

In the second part of this work, we use this new general parametric expression for the
KOS critical curve to explore the robustness of testing GR using the shape of the photon
ring as proposed by Gralla and Lupsasca in [55]. The strategy adopted in [55, 59] relies on
fitting the parametric expression for the critical curve by a phoval curve (or equivalently
a circlipse) on the observer’s screen. The even contribution to this fitting curve encoding
the projected diameter d,, is characterized by three real parameters (R, R1, R2) while its
odd contribution, i.e. the centroid C,, involves two additional parameters. The idea is that
focusing on the even contribution d,, one can fit to a great accuracy the Kerr critical curve
and relate the three parameters (Ry, R1, R2) to the black hole mass and spin (M, a) and to
the observer inclination yo. In turn, the amplitude of the visibility (the Fourier transform)
of the photon ring image is uniquely related to the profile d, [54]. While this suggests
that the measurement of the shape of the photon ring can provide a sharp test of the Kerr
hypothesis, and thus of GR, the procedure which consists in introducing a fitting phoval
function could a priori remains blind to other Kerr-like geometries and thus admits some
degeneracy in the parameter estimations. To understand these possible degeneracies, we
confront the phowval fitting function proposed in [59] to four examples of Kerr-like geometries
which involve a new parameter (additionally to the mass and spin) and which belong to
our KOS family. Besides two well known examples given by the Kerr-MOG geometry and
the regular Simpson-Visser rotating black hole, we consider two new modifications of Kerr
which have not been treated so far and which are allowed by the KOS parametrization. For
each of the four examples, we present the following results:

o First, we provide analytical expressions for the radial and polar extend of the photon
ring and for the angular momentum ¢, and Carter constant k. labeling critical spherical



photon orbits. Notice that these quantities are usually not accessible due to either the
high complexity of the model or to its non-integrability.

e Second, for each examples, we test the degeneracy in the parameter estimation using
the circlipse fitting function. We show that at maximal inclination, i.e. y» = 0 which
corresponds to the equatorial plane, an accurate fit of the Kerr black hole for a given
(M, a) can always be degenerate with another equally accurate fit for the Kerr-like
object for another set of parameters (M, a,«) where « is the new parameter encoding
the deviation to Kerr. Finally, we provide a plot of the shadow for each examples for
different values of the new parameter .

This article is organized as follows. In section 1, we present the Kerr off shell (KOS)
family involving the two free functions and we review the Killing tower structure. We further
compare this new parametrization of Kerr-like objects with previous works. Section 2 is
devoted to the geodesic motion in the generic KOS geometry. We derive the Killing tensor
charge and discuss the radial and polar motion and their associated potentials (2.11a)—(2.11b).
Finally, we present a detail discussion on the photon ring structure in terms of the two free
functions. In section 2.3, we derive the parametric form of the critical curve, given in (2.47),
for the KOS family. The last section 3 is devoted to the study of several concrete examples of
beyond Kerr geometries which are used to test the limitations of the phowval fitting function.
We conclude by a discussion of our results and the perspectives it opens.

1 The Kerr off shell family

In this section, we introduce the new parametrization for Kerr-like objects which we will use
throughout this work: the Kerr off-shell family of geometries. We present briefly its ruling
structure, namely the Killing tower and we compare this new beyond-Kerr-parametrization
to the existing ones.

1.1 Preserving Kerr hidden symmetries

By virtue of the no-hair theorem of four dimensional GR (see [80] for a review), the Kerr
geometry is the unique asymptotically flat stationary and axi-symmetric vacuum solution
of GR. Therefore, it stands as our best model for the observed rotating ultracompact
astrophysical objects, in particular supermassive black holes sitting at the center of galaxies.
Nevertheless, even if no observational evidence point towards any deviation to this model
so far, it is crucial to provide efficient parametrization of possible deviations that could
be captured in the future.

As is well known, the Kerr geometry enjoys a set of explicit and hidden symmetries which
play a key role in the derivations of its properties. Besides the time and azimutal isometries,
it also admits a Killing-Yano two-form which canonically equips the geometry with a Killing
tensor. This later object generates the well-known Carter constant which makes the geodesic
motion integrable [73, 81, 82], allowing us to classify the different allowed trajectories of
massive and massless particles on the Kerr geometry [83, 84]. In turn, the presence of a Killing-
Yano tensor generates a set of conserved charges which allows one to integrate the motion of



any test spinning particle? (up to linear order in the spin) on the Kerr background [87, 88],
allowing us to study properties of extreme-mass-ratio inspirals [89, 90]. Finally, the same
hidden Killing symmetries are also responsible for the well-known separability of spin-s wave
equations allowing one to study the scattering problem of various test fields with the Kerr
black hole [91]. Therefore, testing the Kerr hypothesis can be understood as testing the
fundamental symmetries of the Kerr black hole. From this point of view, it appears interesting
to search for a parametrization of Kerr-like geometries which preserves the Kerr symmetries.
Consider the following stationary and axi-symmetric metric

A 2 A 2 X b
2 Br 2 By .2 M a9 A 9
ds* = > (dT+y d<p> + > (dT r dgo) +Ardr —|—Aydy (1.1)
where
¥ =r?49° A= A(r) Ay = Ay(y) (1.2)
while the inverse metric reads
1 1 2 1 2
9" 00 = 5 [_AT (r20-+0,) + A (420, = 05) " + An(0:)2 + Ay (0,)? (1.3)

The metric is dubbed off shell because it does not have to be a solution of Einstein’s equations:
it is parametrized by the two free functions A,(r) and Ay(y). The metric (1.1) is a subset of
a general class of metrics considered by Carter [73] to ensure the separability of the Hamilton-
Jacobi and Schrédinger equations. In this subset, the function ¥ is not modified w.r.t the
Kerr case. Contrary to the geometries of the general class considered by Carter which are not
algebraically special, this restriction ensures that the spacetime geometry is of Petrov type D.

While the functions A, and A, are free, they must satisfy several constraints in order for
the spacetime (1.1) to describe our object of interest, i.e. an asymptotically flat black hole.
First, asymptotic flatness constrains the asymptotic behavior of A,: one must have A, ~ 72
as r — 0o. Second, in order for the metric (1.1) to have an event horizon, A, must be such
that A,(r) > 0 for » > r, and A, (ry) = 0; rp, corresponds to the radius of the outermost
horizon. Third, A, must be positive for all possible values of y to conserve the Lorentzian
signature. Finally, since the metric exhibits a curvature singularity for ¥ = 0, we assume
ry, > 0 in order to avoid the presence of a naked singularity. Furthermore, a metric satisfying
these constraints might still exhibit a conical or Misner string singularity, depending on the
exact shape of the functions A, and A,. Requiring these singularities to be removable yields
additional constraints on these functions [92, 93] which would need to be further explored.

The Kerr metric belongs to this family. To see this, one can perform the following
change of coordinates®

y=acosb, @:?7 T=t—ag, (1.4)
a

1A set of conserved charges for an extended quadrupolar test object on the Kerr background was found
in [85, 86] assuming that the test object is a black hole. It was further shown in [87] that a sufficient number
of these conserved charges are in involution, ensuring the integrability of this system.

5We can see that the change of variables (1.4) is singular in the Schwarzschild limit a — 0. Nevertheless, one
does indeed recover the Schwarzschild black hole by performing the change of variables (1.4), the choice (1.5)
and then taking the a — 0 limit. One can note that such parameter singularities are common when one
recovers common solutions from the Plebanski-Demianski family of spacetimes [94].



which relates the coordinates (7,7,y, ¢) for the Boyer-Lindquist coordinates (¢,7,6, ¢). Then,
the Kerr metric is recovered by setting

A}ferr _ 7"2 + a? _ 2M7", A;(err — a2 _ y2 ) (15)

Within this family, one can also find all the other representants of the Plebianski-Demianski
family which are labeled by the NUT charge, the acceleration and the cosmological con-
stant [73]. We shall consider these extended family in the last section. The key interest
in working with this family of geometries is that it is the most general set of geometries
which possess the same hidden symmetries as the Kerr metric. These hidden symmetries
are encoded in the so called Killing tower structure.

To understand the structure, it is crucial to understand that all the symmetries of Kerr
descend (can be canonically derived) from the existence of a principal tensor, i.e. a closed
non-degenerate conformal Killing-Yano 2-form which is defined by the following equations:

1
v,upya = 29u[yha] ) V[p,pl/a] =0, ha = gv,upua . (1'6)
For all the members of the off-shell Kerr family, this tensor takes the form®
puvdat A da” = ydy A (dT — r2dp) — rdr A (d7 + y2dy) . (1.7)

Using this object, one can construct the associated (dual) KY tensor, i.e. f,, = %ewagpo‘ﬁ,
which satisfies V(, f,)o = 0 and which reads

fuda? Ada? = rdy A (AT — 1r2dg) + ydr A (dT + y*de) . (1.8)

These two anti-symmetric tensors can then be combined to construct a conformal Killing tensor
and a Killing tensor. The Killing tensor which will generate the Carter-like constant is given by

K, datda” = fo f,"datda”
7“2dy2 deT‘Q
— 1.
A -] )

and satisfies V(,K,,) = 0. Finally, one can identify the killing vectors (KV) generating

1
-5 [yzAT(dT + y2dg0)2 + T2Ay(d7' — r2dg0)2} + 3

the time and azimuthal isometries from the above objects. Indeed, the so-called primary
vector and the second vector can be derived from the principal tensor p,, and the Killing
tensor K, via the relations

£ 00 = %Vup“aaa =0-, (1.10)
Xaaoz = _Kaué'uaa = ago . (1.11)

One recovers in this way the two commuting KVs of this stationary and axisymmetric
spacetime. This elegant structure was initially identified and explored in [75-77] when
constructing higher dimensional rotating black hole geometries preserving the Kerr symmetries

SComputations performed in this section have been checked by means of a SageMath notebook posted at
https://nbviewer.org/url/relativite.obspm.fr/notebooks/Kerr_off shell.ipynb.
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(see the review [78], page 44, section 3.2, for more details). This KOS family of four-dimensional
geometries is uniquely defined by the existence of this Killing tower [75]. Therefore, it naturally
provides a new parametrization for Kerr-like objects which is selected solely on symmetry
arguments. Let us now discuss the main novelty it provides compared to the parametrizations
proposed so far.

1.2 Comparison with previous parametrizations

The search for a suitable parametrization of Kerr-like objects was initiated by Johannssen
and Psaltis in [95]. Modifications to the initial JP proposal were studied in [66-72], providing
new parametrizations preserving some of the Kerr symmetries, in particular allowing for
a Carter-like constant. In the following, we compare the KOS parametrization with the
latest parametrizations proposed so far.

A general parametrization of Kerr-like objects was explored in [71]. Consider the metric

ds® = gudt?® + 2g15dd + grrdr? + goedf? + ggede? (1.12)

where the metric functions read explicitly

S(As — a?A3sin? 0 ads(As — Ag)Ssin? 0 -
gt = — ( > p4 2 ) ) gt = 5( > p40) ) doo = 27 (1133‘)
Y sin? A5 (A7 — a®As sin? 6) by
9o = 1p4 y  Grr = I5 ) (1.13b)
with
> =14 a’cos® 0+ f(r) +9(0), (1.14)
pt = a' A3 A5sin? 0 + a®sin? (A3 — 240A5 — ATA3) + A2 A;5. (1.15)

The functions A;(r), f(r) and g(0) are arbitrary.” The Petrov type of this general geometry
was studied in detail in [71], showing that, without further conditions, such geometry is not
algebraically special, i.e. is of Petrov type I. Within this general family, the authors identified
two restricted classes which admit a Carter-like constant.

o The first class (hereafter Class I) is given by imposing

Ag= A =1 +4d?, Ay =1, f=9g=0 (1.16)
leading to
As(r)—a?sin?6 a(r®+a®—As(r))sin?6
gtt:_( 5( ) 2 )7 gt¢>: ( 25( )) ) 990:27 (117&)
_ (r*+a?)?—a?A45(r)sin? ) >
g¢¢_ E ) grr— AS(T)’ (1.17b)

where ¥ = r? 4+ a? cos? . A direct comparison shows that this class is a sub-case of the
KOS family such that

An(r) = As(r),  Ay(y) = A" (y) = a® —y? = a’sin* 0, (1.18)

"The initial JP parametrization is recovered for Ag = A As.



This family of geometries only contains radial deformations while remaining blind to
any polar corrections. Nevertheless, it contains a large class of corrections studied so
far, in particular all the regular black holes built by deforming the function AKe™(r) =
r2+a?—2Mr to A.(r) = r? +a? — 2M(r)r with a suitable function of M (r). As shown
in [71], all members of this class are of Petrov type D. The fact that all these geometries
belong to the KOS family implies that each of them admits not only a Killing tensor,
but a killing tensor which descends from a Killing-Yano tensor. This is coherent with
the known theorems relating the existence of KY two-form and the Petrov type of a
given geometry. Indeed, only Petrov type D, N, and O geometries are equipped with a
KY two form [96].

¢ The second restricted Class II corresponds to
Ag=A =7 +d®>+ f(r), As=1, g=0 (1.19)

while all the functions As(r) and f(r) are left free. As shown in [71], these geometries
are of Petrov type 1. As an example, one can obtain the Kerr-Sen black hole by setting
all the free functions to zero while imposing f(r) = ar and As(r) = r? +a? — 2Mr + ar.
Since this class of geometries allows for corrections to the function ¥ = r? + a? cos? 0,
and is of Petrov type I, it cannot be covered by the KOS family which is by construction
Petrov type D. Therefore, representants of this second class provide interesting examples
of non-algebraically special geometry which admits a Killing tensor but no Killing-Yano
twoform.

Therefore, compared to the parametrization studied in [71], the KOS family allows us to single
out the Petrov type D geometries belonging to the restricted class I, but also a whole new set
of geometries admitting polar deformations while still equipped with a Killing-Yano tensor.

To conclude, we point that a parametrization of Kerr-like objects with general polar and
radial deformations have been studied in [79]. However, the allowed freedom is so general
that the considered geometries fail to be algebraically special and thus preserve the Kerr
symmetries tied to the Petrov type D. The polar deformation Ay (y) of the KOS family can be
understood as the only allowed polar deformation selected by the Killing tower structure. We
are now ready to study the geodesic motion and the photon ring structure for this KOS family.

2 Geodesic motion and photon ring

In this section, we study the geodesic motion on a general KOS geometry in the Hamiltonian
formalism. We derive the Carter-like constant and discuss how the deformations (A, (1), Ay(y))
affect the radial and polar motion of test particles. Then, we study the unstable radial and
polar positions for the geodesic motion and provide close formula for the allowed range of
the radial and polar coordinates for such unstable equilibriums.

2.1 Generalized Carter constant and geodesic equations

Consider the general KOS metric (1.1). The phase space of the geodesic motion on this
background is described by the coordinates 7, r, y, ¢ and the impulsions p., p, p, and p,.



The canonical commutation relations read

{Tap’r} = 17 {r7p7“} = 17 {yapy} = 17 {907p50} = 1? (21)

while all other Poisson brackets are zero. Notice that

) )
= ¥ and p= —p' . 2.2
p Ayp and pr = 3-p (2.2)

The geodesic Hamiltonian generating the dynamics of test particles is given by

1 1 1 2 1 2
H=g"pupy = 5= |~ (10 +0) + (40 — Do) + A2+ A . (23
29 Pubv o3 [ A, ( Dr pcp) Ay (y Dr pgo) rPr yPy ( )

As expected for a stationary and axi-symmetric metric, the variables (7, ¢) are cyclic, such
that p; and p, are constants of motion, i.e. {p;, H} =0 and {p,, H} = 0. They correspond
to the conserved charges induced by the time and azmutal Killing vectors {40, = 0- and
x"0, = 0, given by

E=—¢"p, = —p- L=x"py=pe- (2.4)

Notice that since our coordinates (7, ) are not the standard BL coordinates (¢, ¢), the
above charges (F, L) do not coincide with the standard energy and angular momentum
derived in the BL coordinates.® Then, the existence of Killing tensor (descending from the
Killing-Yano twoform) provides another conserved charge quadratic in the momenta. This
generalized Carter constant is given by

2 7.2

1|y 2 2
K =EK"pupy = [Ar (r%p- +ps) + a, (v*p- —pe) — v*Ap} + rszpﬂ - (20
One can verify that {K, H} = 0, which means that the quantity K is indeed conserved along
a geodesic. It is useful for the following to simplify this constant of motion. To that end, we
use the trivial constant of motion given by the mass m of the particle, i.e. its hamiltonian,

such that 2H = p,p" = —m?. Using (2.2) and (2.3), one can simplify as:
K= (%= p2) + 22072 | + o' = 3 |(PE+ L)+ 22072 +Pm, (27)
Ay 14 Ay ’

or equivalently as

1 1
K — = [(rsz +p<p)2 _ 22(])1“)2} +r2m2 = . {(TzE _ L)2 _ 22<pr)2} +r2m?. (2.8)

These four constants of motion (pr,pe, K, H) commute with each other, which imply that
only 4 out of the initial 8 degrees of freedom are left in the phase space, thus making the

8Using the change of coordinates (1.4), one finds that the two Killing vectors are given by £*9,, = d; and
X", = a(0y + ad;) in terms of BL coordinates. Introducing the momenta (p;, pg) and the energy EP" = —p,
and angular momentum LBY = pg associated to the BL coordinates, one obtains therefore

E=E" L=a(L" -aE"") (2.5)

which will be useful when comparing to the Kerr case.



geodesic motion integrable. With the phase space at hand, we can now derive the dynamics
of a test particle.

Let us introduce an affine parameter denoted A. Hamilton’s equations for 7, r, y and
p are given by

dr r2(r’p; +py) | Y2 (Ppr — py)

p T TPy TPy 2,
ar A, A, (2.92)
dr

Y— = A/py, 2.9b
™ P (2.9b)
dy

X = By (2.9¢)
dy p-+ps  Ypr—p

n¥_ PPy YPr— Py 2.9d
dx A, A, (2.94)

These equations can be further simplified be expressing them in terms of the conserved
charges (F,L,K,m). One can extract the expression for p, and p, from the expressions
for m? and K, yielding

dr  r?(r’E—-L) 3*(y’E+1L)

Ea = A - A, , (2.10a)
dr
Ea =44,/V,(r), (2.10Db)

2% :i\/m7 (2.10c)

d<p_r2E—L+y2E—|—L

= 2.10d
AT A A, (2.10d)
where the two potentials V,.(r) and V,(y) are given by
Vi(r) = (r’E — L)* = A (K +r*m?), (2.11a)
Vy(y) = Ay(K —m®y?) — (y*E + L)*. (2.11b)

This provides the general set of first order equations describing the geodesic motion on an
arbitrary representant of the KOS family. The two potentials (2.11a) and (2.11b) govern
respectively the radial and polar motion of the test particle.” The classification of the geodesic

°In order to compare (2.11a) and (2.11b) to the standard potentials involved in the radial and polar motion
around Kerr potentials, it is useful to write the equation for 6(\) instead of y(A), using that 0 = arcos(y/a)

SuCh tha
d)\ a2 y2 d)\ '

Ay(K —m?y?) — (y’E+ L)
a2 _ y2 :

This leads to the following equation:

do\?
= (%) =e oy) =
Yy —ew). ew
One recovers the Kerr potentials using (2.5) and (1.18), i.e.

Vi(r) = R(r) = [(* + a®)E" — aLP"]” - A(r?m? + K),

I,BL 2
Vy(y) =0(0) = K — (sin@ —aE"" sin9> —m?a® cos® 0.
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motion on the Kerr black hole has a long story [48, 97-103], a full characterization of the
set of allowed trajectories being still an active research field [83, 84]. See [104] for a detailed
discussion. The different Kerr geodesics can be classified in terms of the range of the constants
of motion (E, L, K,m) and the spin a.!® A first condition for causal geodesics is that

Vi(r) =0 and Vy(y) =0 (2.14)

at any point (r,y) of the geodesic flow. Assuming that A,(y) > 0, one sees that the positivity
of Vj(y) implies that the generalized Carter constant is always positive or vanishing, i.e.

K>0. (2.15)

2_ y2 = a’sin’®# > 0, this condition is satisfied and

In the Kerr case, where Azlfe”(y) =a
one recovers the positivity of the Carter constant. For the Kerr black hole, one can split
the study between the trajectories with L = 0 and the ones with L # 0. While the first are
allowed to reach the rotation axis and cross it, the later family never reach it and are either
confined between two critical polar angles or constrained to stay at a given angle . One can
then distinguish several families of trajectories with specific qualitative behavior depending

on the range of the constants (E, L, K,a). See [83, 84, 105, 106] for details.

Obviously, such classification cannot be done in our case without selecting concrete
functions A, (r) and A,(y). Nevertheless, one can derive the general expressions for the
equilibrium positions of the radial and polar motion for a general KOS geometry and study
the set of critical spherical photon trajectories which characterize the photon ring.

2.2 Photon ring of the Kerr off-shell metrics

The photon ring is generated by photon trajectories that asymptote (unstable) bound photon
orbits — the so-called “photon spherical orbits” to be discussed below. Thus, let us fix the
particle mass to zero, i.e. m = 0 and let us focus on the null geodesics with E # 0. This
allows one to introduce the reduced constants of motion given by

= and k= —. (2.16)

L
E E?

ONotice that it is standard to introduce another constant @ which is well suited to study the equatorial
plane, i.e. y =0 or 6 = 7/2. In our case, this alternative Carter constant can be written

_V(0) _ KA(0) ~ L _ KA(0) —a®(LP" — aEPY)?

2 2 2

Q (2.12)

a a a

which for Kerr reduces indeed to
Q=K — (LP" —aE®")?. (2.13)

— 11 —



Imposing m = 0, and using the new constants, the reduced geodesic equations read!!

vdr 22— y*(y*+0)

xdr _ _ 2.1

E dX A, A, (2.172)
X dr

=S =50, (2.17h)

> dy
D= +/V,(v), (2.17¢)

Edgo_rQ—f y2—|—€

where the two potentials V() and V,(y) are given by
Vy(r) = VTE(T) = (=0 = Avk, (2.18)
Vyly) = ) _ Ayk = (y* + 0. (2.18b)

E

In the following, we identify the spherical photon orbits which play the role of the critical
orbits beyond which photon can escape to infinity. The photon orbits which are infinitely
close to the critical orbits are the ones generating the image of the photon ring. They are
characterized by a set of parameters (¢, k.) which we now determine.

2.2.1 Radial motion and spherical photon orbits

A photon spherical orbit'? is a null geodesic at fixed value, say rg, of the coordinate r [107].

Spherical photon orbits obey dr/dA = 0 for all values of A\. According to (2.17b),
this implies

Vr(rg) =0, Vi(ro) =0. (2.19)
These conditions translate into two equations for three unknowns (ro, ¢, k.) given by

(15 — £e)® = Ap(ro)ke = 0, (2.20a)
dro(rg — £e) — Ap(ro)ke = 0. (2.20b)

Given some 7, we look for the solutions (., k.) labeling to allowed photon trajectories. Let
us assume that A/ (rg) # 0. Then, one can solve for k:

B 47"0(7“8 —4.)

ke = 2.21

C A;.(T'O) ( )
Injecting this solution in the last equation, one obtains
4roAy(ro)

be—13) (e — 13 T):o 2.22

(te =) (te =i+ T3om00) =0, 2.2

HSince we are focusing on photons that are reaching a distant observer, we may set |E| = E in the following
equations, given that one has necessarily £ > 0 for such photons (only photons confined to the ergoregion can
have E < 0).

12Here, the denomination “spherical” should be understood in the topological sense: indeed, the metric
induced by (7 = cst, 7 = cst) on (1.1) is not the metric of a 2D sphere in general.

— 12 —



which has two solutions. The first one is given by (¢, k.) = (r2,0). Now injecting k = 0 in
the polar potential, one finds V,(y) = —(y? + £)? which has to be positive for all y. Thus, for
y = 0, one has ¢, = 0 which implies g = 0 and one finds that this solution is not admissible
because it is clearly under the outermost horizon. The second solution (¢., k) corresponds to

- 44 (ro) _ 16r5A:(ro)
EC =T0 (7"0 — A;(T()) ) s kc = A;(To)Q . (2.23)

Notice that as expected, ({c,k.) do not depend on the free function A,. Now, in order
to fully characterize the locus of points allowing for spherical photon orbits, we have to
further impose that V,(y) > 0.
At the equator, i.e. at y = 0, one has
V,(0) >0 — Ay(0)ke = 2. (2.24)

[

The above condition translates into the following inequality
i

A (ro)?

(164, (r0) A, (0) = (1A (ro) — 44,(ro))?] <0 (2.25)

At this stage, one needs to pick up a given function A,(r) to find the associated positions
ro satisfying this inequality. In the case of Kerr, one finds that the condition reduces to
a cubic polynomial equation from which one can extract the range of rg. In the following,
we shall assume that the function A, (r) is such that the largest set of values of ¢ allowed
by this inequality belong to an interval

ro € [r;h,rgh] ) (2.26)
where we have
Ton < T;)rh , Ap(ry) >0 and Ar(r;h) > 0. (2.27)

This concludes the study of the spherical photon orbits in the KOS geometry. Given one
representant of the family, one can determine the couple (4., k.) labeling these critical orbits
and the radial positions T‘;Eh for which spherical orbits exist. At this stage, we are left with
studying the polar motion.

2.2.2 Polar motion and stable equilibrium positions

In order to capture the different allowed polar motions, it is instructive to recast the
polar equation of motion into an equation for a 1d particle in a potential. By setting
dN = |E|\/A,d\/X, using the fact that A, > 0, this equation can be recast into

dy y? + £)?

()2 +0(y) =k with O(y) = ( A, (2.28)

dN

This can be interpreted as a one-dimensional motion in a potential ©(y) and total energy
k. The allowed trajectories therefore have to satisfy

0<O(y) <k. (2.29)

,13,



The derivatives of the potential are given by

2
y
0'(y) = T (4wA, — 07 + 04 (2.300)
Y
8y* | A(y*+¢ y? + 1)
0"(y) = A (AZ))(Ay —2yA) + (Ag)(zA{f — AyAY) (2.30Db)
Y Yy Y

Let us denote the different possible roots of Ay (y) by yF. These positions bound the available
domain for y. In the case of Kerr, they correspond to the axis of rotation.

In order to understand the polar motion we need to identify the equilibriums. A polar
equilibrium at y = y, satisfies O(y.) = 0 and ©’(y.) = 0. Depending on the stability of
the various equilibriums, several cases arise. For simplicity, we assume that A, is concave
at y = 0: this implies AJ(0) < 0.

o First, we see that y. = 0 is always a solution: indeed, since A, is even, one has
A} (0) = 0. One then obtains

( A3(0)
0/(0) = (4 - : (2.31)
Y Ay(0) Ay(0)
The position is stable only if ©3(0) > 0. This corresponds to
18,(0)
(>0 or (< A1(0) (2.32)

If £ = 0, stability depends on the third derivative of ©.

e Second, we see that when ¢ < 0, y. = £/ —/£ are two solutions as well. When they exist,
these solutions are always stable, since ©”(+£v/—¢) > 0.

Depending on the exact expression of Ay, there might be other positions for which © = 0.
For simplicity, we assume that this is not the case. The possible movements then depend
on the value of ¢:

e if £ > 0, there are two positions +y,, such that ©(+y,,) = k and the polar motion
corresponds to oscillations between £y,,;

o if 4A,(0) / Ay(0) < £ <0, the movement depends on the value of k: either the equation
©(y) = k has two solutions +y,, and the motion corresponds to oscillations around the
equatorial plane between these two values, or it has four solutions +y,, and +y, (with
0 < y» < ym) and we can have oscillations either in [—y,,, —y,] and [y, Ym];

o if £ < 4A,(0) / Ay(0), the movement depends on the relative values of yF and the
roots of ©(%y,,) = k — one should note that this case does not exist in the Kerr limit

because y = 4a in this case;

o if £ =0, the motion depends on the exact formulation of A, through the third derivative
of ©.

Let us recall that for the critical orbits relevant for the photon ring image, the parameters
(¢, k.) are already fixed in term of the radial position r¢ by the solution (2.23) for the spherical
photon orbits. Having discussed the radial and polar motion of spherical photon orbits in the
KOS family, we now turn to the black hole image and the derivation of the critical curve.

— 14 —



2.3 Screen angular coordinates and the critical curve

We now derive the projected image of the photon ring as seen on the screen of an asymp-
totic observer. To that end, we consider an observer at fixed spatial coordinates given by
(ro,yo,po). We assume that rp > r, while yo encodes the inclination of the observer
w.r.t the black rotation axis, i.e. yo = 0 corresponds to an asymptotic observer in the
equatorial plane of the black hole.

We further assume that the observer has zero angular momentum. The orthogonal frame
associated to this observer is given by

rtA, A, Y2 A, —f—’I“QA
m(a e ) (2:33)
A,
e = |/ 50 (2.33b)
A
= fyay, (2.33¢)
by
6(90) T'4A _ y4A 8 (2.33d)

which satisfies the properties that the observer’s wordline is normal to the hypersurfaces of
constant time 7 and whose 4-velocity is orthogonal to 8,. Now, we assume that this observer
is equipped with a screen centered on the direction to the black hole such that e(,) is normal
to the screen. In the large r limit, this frame reduces to

Ay(yo) 1
en=0r, epn=0r, ey=-——"0, e€u=———0,. (234

©)
ro TO4/ Ay (y(’))

such that e(;) is the unit vector orthogonal to constant-7 hypersurfaces.
Now let us consider the photon trajectories generating the image of the black hole on the
observer’s screen. The observer will collect photons whose trajectories satisfy

Vr(ro) = (7'(29 — 6)2 —Ap(ro)k
Vy(yo) = Ay(yo)k — (yb + 0)?

At large r, one has always V,(ro) ~ 74, which implies that (2.35a) is always satisfied. On

0, (2.35a)
0 (2.35Db)

the other hand, (2.35b) translates into a condition on the parameters ¢ and k at a given
observer’s inclination y». A photon that follows a geodesic I' has the following 4-momentum
at the location of O:

. r pir IN (3
Db=D €x) tpep + \/ﬁo)e(y) + p¥ro Ay(y@)e(w) = E(B(T) + n) R (2.36)
y\Yyo

with n a unit spacelike vector that describes the photon’s direction of propagation, seen
from the point of view of O, i.e.

yro
n=peq \/L ) T 07ro/ Ay(yo)e (2.37)
(yo)
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As seen from the observer, the projected momenta is given by —n. The relevant information
for the photon ring image is carried by the projected momenta of the photon on the observer’s
screen. Splitting the vector —n as —m = —n ) — n), one has

pIre p¢7‘(’)\/ Ay(yO)
€(y) —
E\/Ay(yo) E

Now, let us introduce dimensionless Cartesian coordinates (a, #) on the screen such that the

—’I’L” = — 6(@ . (2.38)

black hole’s rotation axis appears as the § axis. We then have

_n|| = Oée(a) + ﬁE(B) with E(Q) = 6( and 6(6) = —6( (239)

®) Y) o

such that comparing to (2.38), one finds the following relation between the couple («, )
and the components of the projected photon momenta:

“roy/A
_Proy Svivo) y(wo) and (3= _pro . (2.40)
E E\/Ay(yo)

Now, using (2.17d) and (2.17¢) to express p¥ and p?, one obtains

o =

LT &M@(@E—L %E+L) B ro k_@%+N v
E(ry +yp) \ Ac(ro) — Ay(yo) / 6+ Yd Ay(yo) '
(2.41)
Finally, taking the large ro limit, the above relations reduce to
Ay(yo) Y2 + 0
a=— 1+ 29 ), 2.42a
ro < Ay(yo) ( )
1/2
1 (5 +0°
=+— k- = . 2.42b
P ro ( Ay(@/@) ( )

These equations relates the coordinates (a, ) of the impact of the photon on the screen
with its parameters (¢, k) and the position and inclination of the observer (rp,yo). Now, the
photon ring is generated by critical photons orbits which have parameters (¢, k) infinitely close
to the critical parameters (4., k.) characterizing spherical photon orbits.'® Therefore, these
geodesics remain trapped in the region rg € [r;h, r;h] before escaping to infinity and eventually
reaching the observer’s screen. The black hole shadow is obtained as the image of these
geodesics on a screen far away from the black hole. Therefore, using the expressions (2.23)

3Nonspherical closed photon orbits around the black hole could exist and also contribute to the photon
ring. A nonspherical photon orbit exists between a perihelion r, and aphelion r, if and only if

Vr(rp) =Vr(ra) =0 and V.(r) >0 when r € [rp,7a].

For the Kerr metric, this situation in investigated in [108]: due to the roots system of the potential, no such
nonspherical orbit is found. For the Kerr off-shell family, despite careful investigation, we found no expression
of A, that allows for such orbits. This is the case in particular for all examples studied in this work.
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for the critical parameters (¢, k.) derived in section 2.2.1, the cartesian coordinates (v, S.)
take the following form:

1

TO/ Ay(y(’))

ro)2 " 1/2
5C:i; [—167”2 Ar(ro) +8ro Ar(ro) [2r0Ay (¥o) +Z(r0, yo )AL (10)] — 22 (10, y0) . (243]3)

rov/Ay(yo) O AL(ro)? Al (ro)?

With these expressions, one has access to the positions of the impact of the nearly critical

e =—

[5(r0.50) +84 (v0) - R0 ] (2.43a)

photons building the critical curve. Notice that at this stage, the couple (a, 3.) depends
on the parameters of the black hole, the position of the observer’s screen (ro,yo) which
is fixed, and finally on the position rg at which the photon is emitted within the photon
shell, i.e. the region spanned by spherical photon orbits. Contrary to the other parameters,
one has rg € [r;h,r;rh] such that this parameter is not fixed. Therefore, for now on, we
write the couple of Cartesian coordinates as a.(rg) and S.(r9) to make the dependency on
this parameter explicit.

It is useful to introduce alternative coordinates on the screen of the observer. Let us
decompose the dimensionless Cartesian coordinates (a(rg), 3(rg)) into polar ones as

a(ro) :=R(ro)cos ¢(ro),  B(ro) = R(ro)sin¢(ro), (2.44)

where R(rp) is a dimensionless radius and ¢(rg) the angle w.r.t the a-axis. Notice that
here, ry plays the role of a curvilinear abscissa for the critical curve. Let us introduce
a basis of orthogonal unit vectors on the plane (a, ) denoted (€u,€3). The position on
the curve is given by

Te = Re(ro)d with U = c08 ¢c(10)€q + sin @ (10) €3 . (2.45)

A direct computation shows that the coordinates (R.(ro), ¢c(ro)) are related to the black
hole parameters by

o) 12
Rc(To):\/ag(TO)ﬂLﬂ?(To):;[Ay(yo)+22(7“o,yo)+8[27’o—AQ(TO)}M . (2.462)

Be(ro) \/16T§Ar(ro)ﬁy(yo)— [S(r0, y0) A (ro) — 470 A (1)
ac(ro) Af(ro) (3(ro, o) + Ay (yo)) — 410l (r0)

These relations are not yet the ones relevant to interprete the interferometry signal. As

tan[¢c (TO)] =

(2.46b)

discussed in detail in [54, 59], the relevant information is contained in the angle ¢ (r¢) which
encodes the ratio between the rate of change of the curve w.r.t the a-axis and the rate of
change of the curve w.r.t the S-axis. Concretely, this angle is given by

tanfin(ro)] — —Pr0elro) _ V1673, (1) Ay (yo) — [AL(r0)=(ro, yo) — 470, (ro)]?
PO T, Belro) 4ro(Ar(ro) = 8y (4y0)) — (o, yo) Al (ro)

(2.47)
This is the key relation introduced in [59] to reconstruct the image of the critical curve.
This concludes the derivation of the critical curve and its properties for the general
KOS family. We now use these general results to discuss the status of the test of the Kerr
hypothesis using the shape of the critical curve.
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3 Parameter estimations beyond Kerr: concrete examples

In this section, we use the previous results to address two key points.

First, we demonstrate that the formula obtained in the previous section allows us to
efficiently capture the position and shape of the photon ring for different examples of Kerr-like
objects belonging to the KOS family. Two of these examples are known models but the
remaining two exhibit new types of corrections which have not appeared in the literature
so far, illustrating the power of the new parametrization. Contrary to most investigation
which only focus on the position of the equatorial radius of the photon ring, we derive the
positions of the horizon, the radial and polar positions of the photon ring and the critical
parameters ({., k.) for spherical photon orbits for each examples.

Second, we use these concrete examples to discuss to what extend the shape of the photon
ring can provide a sharp test of the Kerr hypothesis, and therefore of GR. In [59], it was
proposed to fit the critical curve (2.47), denoted f(p), by a phoval, described by

f(¢) =Ro+ \/R% sin? ¢ + R% cos? ¢ + (X — x) cos ¢ + arcsin(x cos @), (3.1)

where Ry, Ri, Ro, X and x are scalar parameters. The link of each of these parameters
with M, a and the inclination y» can only be found numerically. They key point is that this
phoval (or circplise) function fit to a great accuracy the Kerr critical curve. In the following,
we confront this phoval fitting function introduced in [59] to the four examples and study
the degeneracy in the estimation of the black hole parameters.

3.1 The Kerr black hole

As a first test of our general close formula, let us treat the special case of the Kerr black
hole. Consider again the following change of coordinates

y=acosl, @zé, T=t—agp, (1.4)
a

which relates the coordinates (7,7,y, ) for the Boyer-Lindquist coordinates (¢,7,6, ¢). Then,
the Kerr metric is recovered by choosing

AKerr — 2 402 _ oMy, Azlferr =a® — % = a®sin?6. (1.5)
The Kerr outer horizon is located at
rn=M+ VM2 —a?, (3.2)
The parameters ({., k.) for the spherical photon orbits of Kerr satisfy (2.23) which reads

b — 4rd(r3 — 2Mro + a?)
.=

0 - _ro(r% — 3Mry + 2a?)
L=

(ro— M7 oM (3:3)

where r¢ is a radius satisfying rq > M and belonging to the photon ring. The range of rq
is constrained by the inequality (2.25). Plugging the Kerr functions (1.5), this equation
reduces to the standard cubic polynomial equation

3 — 6Mr? +9M?r — 4a®>M <0, (3.4)
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Figure 1. Critical curve of the Kerr black hole for M =1, yo = 0 and various values of a.

which determines the minimal and maximal equatorial radii of the Kerr photon ring given by

2
r?fh =2M [1 + cos(3§i) with &% = arccos (ij\;) . (3.5)

such that rg € [r;h,r;h]. As we have seen, the polar motion depends on the value of the
couple (¢,k). Besides the equilibrium positions 3= = {0, £/}, one has also other positions
described in section (2.2.2).

Therefore, the closed formula obtained in the previous section consistently reproduce
the known results for the positions of the photon ring and the parameters of the spherical
photon orbits for the Kerr black hole. Using the above results, we can plot the parametric
form of the critical curve (2.47) for different values of the spin a. It is shown in figure 1.

Having tested our formula on the standard Kerr black hole example, our goal now is to
consider different examples of Kerr-like objects and reproduce the very same study for each of
them. However, before presenting these Kerr-like objects, let us already make an important
remark. It is standard to work with dimensionless screen coordinates (roa/r«, r03/7«) where
ro is the radial position of the observer and 7, s usually taken to be the mass of the black
hole (see figure 1). Therefore, the mass of the black hole will directly affect the overall
scaling of the image. However, while the mass of the Kerr black hole admits a well-defined
interpretation as an asymptotic charge of the geometry, this is no longer true in modified
gravity. Indeed the standard Komar charge one uses in GR is generically modified when one
considers alternatives (and in particular higher order) lagrangians. While the modifications
to the Komar charge can be computed in principle using the covariant phase space method,
this point has not been studied systematically such that given an ad hoc Kerr-like geometry,
there is no way to know what one should interprete what is the quasi-local asymptotic mass
of the object as this notion depends on the theory which admits this geometry as a solution.
In order to bypass this difficulty when dealing with ad hoc models for Kerr-like object, one
way is to use the position of the horizon of the geometry which can be extracted solely form
the metric in order to rescale the screen coordinates. This is the choice we adopt in the
following when plotting the shadow of Kerr like objects.
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3.2 Radial deformations to Kerr

In this section, we consider three examples of deviations to Kerr which are purely radial, i.e.
they correspond to different choices of A, (r). The first two are known examples of Kerr-like
objects that have been studied in the literature: the Kerr-MOG black hole derived in [109]
and the regular rotating black hole introduced by Simpson and Visser in [110]. The third
example is a new type of correction that does not appear elsewhere.

3.2.1 The Kerr-MOG black hole

Consider first The Kerr-MOG black hole discussed in [109]. This rotating black hole geometry
is a solution of the so called Scalar-Vector-Tensor (SVT) theory introduced in [111]. Its shadow
was previously studied in [112]. The geometry is characterized by a new parameter o which
can be understood as a coupling constant of the SVT lagrangian which changes the Newton
constant Gy to effective Newton constant of the form G = (1 + «)Gy. It can be shown that
the new Kerr-like solution of this theory enjoys a modified radial function A, (r) given by:

A(r) =12 —2GMr + a® + aGNGM? = AR 1 aGNGM?, (3.6)

where G = Gy (1 + ) = 1+ o when Gy = 1. The outer horizon is located at

rh:(1+a)M<1+\/1—(1+Z2)2M2—1ia> (3.7)

By construction, this Kerr-like geometry belongs to the KOS family and therefore, one can

use the previous results to obtain analytical expressions for the different locus of points of its
photon rings and the parameters of its spherical photon orbits. The couple (., k.) is given by

7 (20° +2a(a +1)M? = 3(a + 1)Mr +1?)

b = T ar DM , (3.8a)
2 (2 2 2
b — 4r% (a* + ala + 1)M?* — 2(a + 1)Mr + 1?) . (3.8)
(aM + M —r)?

The parameter 1y ranges between the minimal and maximal positions (written at first order
in « for clarity here)

2a° cos(%§i>

a? + Mz(cos(%§i> + Cos(%gi)

7+ +0(a?), (3.9)

2 1
rgth =2M {1 + cos(g&i)] + gaM

where ¢* is the quantity defined for Kerr in (3.5). Notice that since the geometry does not
have any polar deformation, i.e. Ay(y) = Alyie”(y), the expressions for the equilibrium polar
positions y;t have the same expressions as for Kerr.

With these results, one can use the general formula (2.47) to plot the critical curve of the
Kerr-MOG black hole for i) four different value of the new parameter o and ii) two different
values of the inclination yp. It is represented in figure 2.

As a first remark, one can see that the deviations w.r.t the Kerr shadow (depicted in
green) are qualitatively more important at high inclination, i.e. for yo = 0, in agreement
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Figure 2. Critical curve of the Kerr-MOG black hole for M =1, a = 0.9 and different values of yo.

Parameters M a « yo | Ro R Ry Residuals
Kerr 1 02 | ™| 0 |[10.0]0.394 | 0.370 | 1.88 x 10°
MOG 0.922 | 0.193 | 0.101 | 0 | 10.0 | 0.395 | 0.371 | 1.86 x 10~°

Table 1. Example of degeneracy between the Kerr black hole and the Kerr-MOG model.

with previous studies [41]. However, the shape of the critical curve represented here does not
provide in itself a precise way to compare the Kerr and Kerr-MOG black holes. To confront
the two models, one needs to perform a parameter estimations of the black holes parameters.

To that end, one can use the fitting function introduced by Gralla and Lupsasca and
which consists in the phoval (or circlipse) defined by the equation (3.1) to test the two models.
This is summarized in the table 1. As a result, we find that this fitting function admits
a non-trivial degeneracy in the estimation of the parameters (Ry, R1, R2). Concretely, for
this critical curve, the circlipse fitting test cannot distinguish between a Kerr black hole
geometry with mass and spin (M, a) = (1,0.2) and a Kerr-MOG black hole with parameters
(M,a) = (0.922,1.923) and o = 0.101. This example provides the first explicit and concrete
proof that the circlipse test does not, by itself, provide a sharp test of the Kerr hypothesis.
It suggests that in order to properly test the Kerr hypothesis, one has to be able to test
the relation between the mass and angular momentum which characterize a given geometry.
Obtaining independent measures of the mass and the spin of the black holes appear therefore
as a mandatory task to break the degeneracy presented here. We stress that this example
(and the analytical derivation of the critical curve used here) could not have been obtained
without the use of the KOS parametrization introduced in this work. Let us now turn to
other examples of Kerr-like objects.

3.2.2 The regular Simpson-Visser rotating model

We now consider a model of rotating regular black hole. Such models have been studied
intensively in the literature [113-115]. To a large extent, the regularization of the interior
singularity of spherically symmetric black holes have been performed by introducing an
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effective de Sitter and thus repulsive core. Yet, other type of regularization have been studied
and it has been shown that one could obtain interesting ad hoc regular black hole geometries
by replace the deep interior geometry by a Minkowski core [116]. This approach was extended
to rotating black hole and an explicit regular Kerr-like black hole dubbed the “Eyes of the
Storm” (EOS) was presented in [110]. The modification amounts at the a change of the mass
which becomes M (r) = Me=*M/" where ¢ is the new UV cut-off encoding the scale at which
the effective quantum effects are triggered. For a given (M, a), ¢ = 0 yields the Kerr black
hole. Furthermore, possible values of ¢ are bounded from above: 0 < £ < oy, Image of
this regular black hole have already been studied in [117]
The modification amounts at a change of A(r) of the form

Apos =72 +a® — 2rM(r) = r2 4+ a2 — 2rMe tM/T , (3.10)

belonging thus to the KOS family. Unfortunately, the choice of the exponential function in
the function M (r) does not allows one to find closed analytical formulae for the positions of
the horizons. At best, one can provide an expression for the correction to the Kerr horizon
when £ is considered small, which gives

rEOS = M 4 /M2 — a2 - 2M0 + O(2) < rfeT (3.11)

Using the previous relations, we now derive the parameters (¢, k.) for the critical spherical
photon orbits which read

r2 (M(S?“ — MY0) — (2a* +r?) e%e)
0 = _ (3.12)
r2er — M(M{+7)

Me

B 1672 (a2 +r (r — 2Me_7))

ke

(3.13)
<2T _oMe M (Mot ) 2

where the position of the photon ring is given (at first order in ¢ for clarity) by

CL2

2 a? + M2(cos(%§i) + cos(%&"i)

2 2
rlfh =2M [1 + COS<3fi>] + gﬁM +0O(£?), (3.14)

where ¢F is the quantity defined for Kerr in (3.5). The critical curve of the EOS black hole for
a few different values of the parameter £ and at two different inclinations are shown in figure 3.
While the green curve represents the Kerr black hole critical curve, we vary the parameter ¢ up
to its nearly maximal value corresponding to the extremality. Following the same procedure
as above, we also find that the circplispe fitting function suffers from a degeneracy as shown
by the concrete example of parameters estimation presented in table 2. This second example
provides thus a confirmation of the result obtained for the study of the Kerr-MOG model. We
can now turn to yet new examples of Kerr-like objects which have not been treated so far.

3.2.3 Log corrections

An interesting outcome of the KOS parametrization used in this work is to allows us to
consider new ad hoc modification to the Kerr geometry which will not break the Killing tower.
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Figure 3. Critical curve of the Simpson-Visser black hole for M = 1, a = 0.9 and different values of yo.

Parameters | M a Y4 yo | Ro R, Ry Residuals
Kerr 1 |02 \ 0 | 10.0 | 0.394 | 0.370 | 1.88 x 1075
SV 1.32 1011082 | 0 |10.0|0.402 | 0.380 | 1.53 x 105

Table 2. Example of degeneracy between the Kerr black hole and the Simpson-Visser model. The
observer is at yo = 0 in both cases.

As a concrete illustrative example, we now consider a one-parameter family of deviations
from Kerr defined by

AT:r2—2Mr+a2+qM210g(]C[) , (3.15)

This log-modification still preserves the asymptotical flatness condition as ¥ ~ 72 at large r.
However, to our knowledge, it has not been considered in the literature. We write analytical
formulas at first order in the dimensionless variable ¢ for clarity; however, all results are
exact in ¢, in particular the plots shown on figure 4. The horizon r, of the Kerr black hole
is changed at first order as follows:

v log(1+ VI (a/3F)

2 1— (a/M)?

rm=M+VM?—a%—q

+0(¢%). (3.16)

A direct computation shows that the couple (4., k.) is given by

4r (a? + M?qlog (L) +r(r —2M
fo—p(p drla+ Mglog (57) £ 1(r = 2M)) ) (3.17)
M?2q — 2Mr + 212
1674 (a® + M?qlog (47) + r(r — 2M
L G 410 (47) 7“<;” ). (3.18)
(M?2q — 2Mr + 21r2)
The parameter rg ranges between the minimal and maximal positions given by
= ont[14 cos( 265 )| +qd + 0(gD), & = + 2 (3.19)
Ton = cos| 3 qdy q°), = arccos| - |- .
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Figure 4. Critical curve of the log-corrected black hole for M =1, a = 0.9 and different values of yo.

The corrections dﬁi) are such that

40 _ M (4log[dcos®(€/3)]—1) (cos(4€*/3) +-cos(267)) + (2log[Acos?(€+/3)| -1) (a/M)*

D) 2-+2c0s(26F) +3cos(46E /3) +3cos(26% /3) — (a/M)?

(3.20)
This first example shows that one can use the symmetries of the Kerr off shell system to
analytically capture the modifications of the photon ring for some new deviations w.r.t.
Kerr. Using the results of 2.3, we can numerically trace the shadow of the black hole. The
result is shown on figure 4.

3.3 Polar deformations to Kerr

We now turn to a situation in which A, deviates from the Kerr solution while A, is unchanged.
In order to maintain the reflection symmetry, we take the parametrization

Ay = a — vy +pyt. (3.21)

Similarly to section 3.2.3, we present results at first order in p for clarity but our results are
exact in this variable. The horizon 7}, is unchanged since A, is the same, as well as £., k. and
r;th which are the same as in the Kerr case (see section 3.1). However the value of yy,, which
corresponds to the maximal value of y for a null geodesic with ¢ > 0, is modified: one has

Ym = \/;( = (k+20) + Vi Jk+4(0? +0)) + ayls) + 0(?). (3.22)

with
o (k= VEvAa? +k +40) (VEVAa 1 k + 40— k — 20)°/°
Y = 4v2a2(— VkV4a? + k + 40 + 4a2 + k + 40) '

Using the results of section 2.3, we can numerically trace the shadow of the black hole.

(3.23)

The result is shown on figure 5.
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Figure 5. Critical curve of the polar-corrected black hole for M =1, a = 0.9 and different values of
yo. When yo = 0, the black hole is seen from its equatorial plane, and the polar corrections do not
come into play: the critical curves for all values of p are the same.

4 Discussion

In this work, we have shown how the Kerr off shell (KOS) family of geometries introduced
in [75-77] allows one to efficiently parametrize beyond Kerr geometries. Using this new
parametrization, we have studied the deformations of the shape of the black hole photon ring
image and confronted the ability to distinguish between Kerr and beyond Kerr geometries
using the circlipse fitting function proposed by Gralla and Lupsasca. Let us summarize
the main points of our study.

The KOS parametrization. The KOS family of metrics stands as the most general set
of geometries preserving the Killing tower. This structure uncovered in [75] encodes the
fundamental explicit and hidden symmetries of the Kerr geometry. In particular, any KOS
representant is of Petrov type D and is equipped with a rank-2 closed conformal Killing-Yano
tensor and its dual. In turn, this ensures that the geometry also admits a Killing tensor
which makes the geodesic motion integrable. Remarkably, despite preserving these hidden
symmetries, the KOS parametrization still allows for a large set of deformations to the Kerr
geometry encoded in the two free functions A, (r) and Ay(y). On one hand, A, (r) allows
for general radial deformations and coincides with the restricted class I family of beyond
Kerr geometries studied in [71] where A, (r) = As(r). This radial deformation allows one
to reproduce a large class of ad hoc models studied so far in the literature. On the other
hand, the KOS parametrization provides another type of polar deformations encoded in
Ay (y) which have not been studied so far. By construction, such polar deformations preserve
the symmetries of Kerr, allowing for the analytic exploration of new Kerr-like objects such
as the example studied in section 3.3.

Analytic characterization of the photon shell. Since the image of the black hole photon

ring is generated by the geodesics which are nearly critical, i.e. geodesics which are infinitely
close to the unstable critical spherical photon orbits, we have provided a detailed study of
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this family of geodesics. One of the remarkable outcomes of the KOS family is to allow
us to obtain an analytical characterization without fixing the free functions of the metric.
Concretely, for an arbitrary KOS geometry, the radial and polar motions are determined
by the two potentials (2.18a)—(2.18b) which depend respectively on the radial and polar
deformations A, (r) and Ay(y). The critical spherical photon orbits which satisfy (2.2.1) are
characterized by a reduced angular momentum and Carter constant (¢, k.) given by (2.23).
These expressions depend solely on the function A, (r) and the radial equilibrium position
ro which can be obtained only once a given choice of A,(r) is made. The extent of the
region in which the spherical orbits are allowed, i.e. the photon shell, is constrained by
the inequality (2.25). For all the examples studied in this work, the allowed position rq is
restricted to a range [rgh, r;h] with 7 > 7, where ry > 0 stands for the position of the outer
horizon. One the other hand, we have provided a detailed classification of the possible polar
equilibrium positions for such critical spherical photon orbits. Therefore, for a given KOS
representant, the above formula allows one to fully characterize the photon shell geometry.

Non-spherical unstable critical photon orbits. Notice that a Kerr-like geometry could
in principle allow for non-spherical orbits within the photon shell, i.e. photon orbits with
V/(r) # 0 which admit radial turning points 7, (at which V,(r.) = 0). The existence of such
orbits depends on the form of the function A,(r). For the Kerr geometry, one can show that
such non-spherical critical orbits do not exist. For the general KOS geometry, we have not
been able to provide a definite proof that they are forbidden. However, for all the examples
considered here, one can show that such non-spherical critical orbit are not allowed.

Analytic parametrization for the critical curve. The main outcome of this study is the
analytical derivation of the critical curve for an arbitrary KOS geometry given by eq. (2.47).
This result provides a ready-to-use parametrization of the critical curve of beyond Kerr
geometries which depends explicitly on the two free functions A, (r) and A,(y). To our
knowledge, such analytic expressions has not been obtained yet for such a general class of
rotating compact objects. At this stage, it is important to underline that the critical curve
is not an observable per se. The interest in having an analytic prediction for this object
lies in that fact that the photon subrings converge quickly towards this theoretical curve,
making it the key object to parametrize. Let us emphasize that such an analytic result is
made possible by to the integrability of the geodesic motion and thus by the preservation
of the Kerr symmetries.

The circlipse fitting function and its degeneracy. Equipped with this analytical
parametrization of the critical curve, we have confronted the circlipse fitting functions on
four different examples of Kerr-like geometries. We show that at maximal inclination, i.e.
yo = 0, an accurate fit of the Kerr black hole for a given (M, a) can always be degenerate with
another equally accurate fit for the Kerr-like object for another set of parameters (M, a, )
where « is the new parameter encoding the deviation to Kerr. Therefore, alone, the circlipse
does not allow for a test the Kerr hypothesis, confirming recent results [41]. In order to
break this degeneracy, an independent measurement of the mass and spin of the compact
object is needed (see [118, 119]). Notice that this degeneracy between different models of
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compact objects add up to other type of degeneracy, in particular degeneracy coming from
the astrophysical modeling of the disk accretion [50]. It follows that in order to use black
hole imaging as a sharp test of GR, important challenges are ahead of us to systematically
alleviate the different degeneracies.

Kinematical versus dynamical tests. Another interesting outcome of working out the
critical curve and the resulting image of beyond Kerr geometries is to underline some
conceptual difficulties when dealing with the notion of mass and spin. Indeed, for the
Kerr black hole which solve the Einstein equations, the notions of mass and spin are well-
understood in term of asymptotic Komar charges whose expressions are derived from the
FEinstein-Hilbert action. However, when considering an ad hoc geometry which is not solution
of any given theory of gravity, such as the Simpson-Visser model studied here, we have no
recipe to identify a well defined notion of quasi-local mass or angular momentum. For this
reason, while considering ad hoc geometries provide a useful first step to study beyond Kerr
phenomenology, it is mandatory to associate such models to given theories to interpret the
different parameters of the geometry as well-defined asymptotic quasi-local charges.'* This
task represents another challenge in order to use black hole imaging to test alternatives
theories of gravity such as scalar-tensor theories. (See [121] for review of rotating black holes
and possible solution generating method in such modified theories). An interesting example
treated here is the Kerr-MOG black hole, which is a bona fide solution of a scalar-vector-
tensor theory where the additional parameter « plays the role of a coupling constant in
the lagrangian of the theory. Thus, constraining the parameter a allows one to confront
two theories and not only two geometries. From this perspective, the natural next step will
be to identify suitable family of theories admitting the KOS geometries as exact solutions.
This will be presented in the near future.
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